
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



A Contribution to the Foundations of Frechet's 
Calcul Fonctionnel.* 

By T. H. Hildebkandt. 



Preface. 



During the last few years there has been manifest a tendency in the 
direction of generalization of current analysis. Two memoirs bearing on this 
subject have recently made their appearance : in the first instance, M. Frechet's 
Paris thesis, Sur quelques Points du Calcul Fonctionnel ; f and secondly, E. H. 
Moore's Introduction to a Form of General Analysis. % We consider briefly the 
contents and direction of generalization of each. 

Frechet's work may be divided into two parts: (1) a theory of continuous 
functions on an abstract set, and (2) a generalization of the theory of linear 
point sets. The first of these was no doubt suggested by the analogies between 
theorems on continuous function of a single variable, of n variables, of lines, of 
curves, etc. The element of generality enters in the consideration of a class or 
set of elements q, which are not specifically defined. For the class there is 
postulated the existence of a notion of limit of a sequence of elements, satisfying 
a number of conditions which are properties of the limit of a sequence of real 
numbers. In terms of such a limit, it is possible to define a sequentially con- 
tinuous function, and hence to construct a theory of sequentially continuous 
functions. To attain the second end, there is postulated for the class £1 the 
existence of a voisinage or distance function & of pairs of elements, there being a 
value of h for every pair of elements of the class. This distance function $ is sub- 
jected to a number of conditions, generalizations of properties of its real variable 
analogue, the absolute value of the difference between two numbers. In terms 
of such a $, a limit is definable, and a theory of sets, concerning derived, closed, 
etc., sets, is obtainable. 

* This paper is in the form sent to the editors in April, 1910, with the addition of § 15 (6) and (7) and a 
few changes in §17, due to the article by Frtichet: Rend, di Pal., XXX, 1-26. Cf. also Hedrick: Trans. Am. 
Math. Soc, XII, 285-294, which contains some more general and some less general theorems than the present 
paper. 

f Reprinted in Bendiconti del Circulo di Palermo, Vol. XXII, pp. 1-64. 

X Published in The New Haven Mathematical Colloquium., New Haven, 1910. 
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The General Analysis of Moore may be termed " a theory of classes of func- 
tions on an unconditioned range." The subject under consideration is a system 
(21; $p ; dJt), consisting of the class 21 of real numbers a, the class $ of uncondi- 
tioned elements p, and the class 9K of real-valued, single-valued functions fi ofjp, 
p ranging over the class $P ; i. e., of functions on *$ to 21. The theory treats of 
properties of the classes W, the properties in question being common to the 
following special classes of functions : 

(1) The class of all unipartite numbers x, i. e., a function of the variable p 
having only one value. 

(2) The class of all n-partite numbers (x 1} . . . . , x n ), functions of the variable 
index p ; p = 1, 2, . . . . , n. 

(3) The class of all absolutely convergent series x u x 2f . . . . , x n , . . . . , where 
2 1 x n | is convergent, functions of the variable index p; p = 1, 2, 3, . . . . , n, 

(4) The class of all continuous functions on the interval <p< 1 of the 
real number system. 

The first part of the memoir treats of certain closure and dominance prop- 
erties of general reference, i. e., independent of the nature of the parameter p. 
The second part treats of properties of special reference, in connection with the 
question of composition of classes of functions, one of the classes being on an 
unconditioned range. In particular, three properties, K u K 2 , and A, are treated, 
iTj and K 2 relating to the relations 

which in turn depend upon a development* of the class 9$. The property A 
also relates to the development of 9$. For the real variable p, the first of 
these two relations is the inequality p>m, and the second the inequality 

\Pl-P2\<~- 

The present work concerns itself with the Fr6chet point of view. It had 
its inception in an attempt to replace the distance function 5 of Frechet by a 
weaker condition on the class 0. The fact that in most instances the & appears 
in connection with an inequality of the type 

suggested the adoption of the second iC-relation of Moore, K qiqim) in the place of 

• Real variable analogue, the set of divisions of an interval into n equal parts, n — 1, 3, 3, 
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the 8. By stating, in the case of every theorem, the precise conditions on K 
sufficient to carry the argument, and extending this idea to the case in which 
the class D, is subjected only to the condition of the existence of a limit, a two- 
fold result was obtained : (a) that an unconditioned limit suffices for the theorems 
on sequentially continuous functions obtained by Frechet, and (b) that it is possible 
to obtain the theory of sets of elements with a distance function $, subjected to weaker 
conditions than those imposed by Frechet. To show that the conditions in question 
were weaker, the complete existential theory,* of the properties of the ^"-rela- 
tion, and as a consequence of the corresponding properties of the 8, was con- 
structed. 

The first part treats of the limit L, the .ST-relation, and their properties. 
Instead, however, of considering the existence of an L and a isT-relation as a 
property or condition of the class D,, we use the notion of a system, the class £} 
together with L being a system (£} ; L), and, with the ^-relation, being a system 
(Q ; K). In the second part the most important theorems of Frechet are taken up. 
It might be regarded in the light of a proof of the above results. 



Systems (£i;L) (£i;K) (£i;8): Definitions, Properties and Interrelations. 

1. Introductory. We consider in this paper properties of and functions on 
a class £l of general elements q. The elements q are general in that nothing is 
specified as to their nature, that is, as to whether they be numbers, points on a 
line, points in w-dimensional space, sequences, real-valued functions, etc. How- 
ever, we suppose the elements q of the class O to be well-defined, individually 
and in their totality. Further, that there exists at least one element in the class. 
These suppositions do not limit the generality of the class Q. 

The class O enters the theory through two properties L and K, which 
together with the class Q form systems (£1 ; L) and (Q ; K) respectively, the 
nature of which is to be specified in the sequel. 

2. Notational.^ "We shall denote throughout this paper, classes, that is 
collections, sets, aggregates, ensembles, etc., by capital German letters, e. g. 
O ; Dt ; Wl, etc., in particular, £l a class of elements q, 9? a class of elements r, 

*Cf. Moore, loc. cit., p. 82. Also below, § 9. 

j For an extensive treatment of the ideas underlying subjects touched on in this paragraph see Moore, 
loc. cit., §2, pp. 15 ff. 

30 
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9Ji a class of functions (i, etc. The notation for the class always corresponds to 
the notation for the elements. 

The brackets [] will be used to denote a class of, and in particular a class of 
the elements included within. Thus [<?] stands for a class of elements q, and we 
have therefore 

As special classes of frequent occurrence we have the classes of all real numbers; 
all numbers greater than unity; all positive numbers; all positive integers; all 
positive and negative integers ; denoted variously by : 

St, [a]; [o]; [d], [e] ; [„], [?], [*] ; [«], 
respectively. 

Real-valued single-valued functions are denoted by Greek letters. 

The fact that an element x belongs to the class £l, is expressed : 

x®. 
Since we have D, == [q], evidently : 

The statement x® is equivalent to the statement x is a q. 

This abbreviation is extended to the case of classes of elements, and we have: 

91°, 

denoting the fact that the class 9t is a subclass of the class D,. 

To state that the element x has the property P, we use the notation : 

x p . 

The concept of belonging to a class may be said to be a special case of such a 
general property, and from this point of view, the notations are in agreement. 
The notation is also extended to the case of classes, and we have: 

denoting that the class D, has the property P. If the property P is not holding 
we prefix the negative sign. Thus 

specifies that the class £l does not have the property P. 

Finally, in the statement of propositions and proofs it has been found con- 
venient for the sake of clearness and brevity to use some of the symbols used 
be Peano* and Moore,f in particular the following: 

*Peano: Formulario Matematico, Editio V, 1906. \ Loc. cit., p. 150. 
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= to denote logical equality, 
=£ " logical diversity, 
= " definitional identity, 

Z) " it is true that ; ( ) implies ( ) ; if ( ), then (), 
C " ( ) is implied by (), 

c/3 " ( ) is equivalent to ( ) ; ( ) implies and is implied by ( ), 
3 " there exists, 
3 " smcA that, 
" and, 
','.,". as signs of punctuation, the largest number of punctuation dots being 
around the principal implication, 
[ ] to denote a class of, 
\ \ " the sequence of. 

3. Definition of Limit. The Systems (D ; L). Properties of Limit in (G ; L). 
We assume the following definition of limit : 

Limit is a relation between sequences of elements and single elements. 
The nature of the relation is not specified permanently ; it may vary with 
the type of element considered. If such a relation is holding between a sequence 
of elements, and a single element, the single element is said to be the limit of 
the sequence of elements. 

In case there is defined a limit relation for the class D,, we say that the 
class O has the property L, and in this way we obtain a system (D,; L). The 
limit L in such a system might be considered as drawn up in the form of a table 
which for every sequence of the class specifies the corresponding single element, 
if such an one exists. We shall suppose that : * 

Lq n — q 

n 

states the fact that the limit relation L is holding between the sequence \q n \ 
and the element q. 

The limit L in the class £} may have one or more of the following 
properties : 

(1) Limit is unique. 

(2) If a sequence has a limit, any subsequence of the sequence taken in the same 
order has the same limit, f 

* Throughout this paper we denote L by L. 

m=oo n 

tThis is a statement of two distinct facts: (1) that the limit of the subsequence exists, and (2) that it is 

the same as the limit of the original sequence. Similarly below, in the case of properties (3), (4), (5). 
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(3) If a sequence has a limit, any sequence obtained by removing a finite number 
of elements at the beginning of the sequence, has the same limit. 

(4) If a sequence has a limit, any sequence obtained by prefixing a finite number 
of terms to the sequence, has the same limit. 

(5) // a sequence has a limit, any sequence obtained by a rearrangement of the 
sequence has the same limit. 

(6) // all of the terms of a sequence are identical, the sequence has a limit, 
which is the repeated element. 

We denote by L l ; IP; L~ u ; etc., a limit L having the property (1); the 
properties (2), and (3) ; not the property (3), but the property (4) ; etc., respect- 
ively. The limit of the real number system is an L mim . The limit used by 
Frechet is an L m . We lay down permanently no properties of L, but in the 
various theorems in a system (O; L) specify explicitly sufficient properties of 
the L. 

There exists but one relation between these properties of L. We have : 

i. e., if L has the property (2) then it also has the property (3). That this 
relation is holding is at once evident. That it is the only relation between these 
properties may be shown by the exhibition of limits having the properties 
(1), (2), (3), (4), (5), (6), or their negatives, in all the 2 6 conceivable combina- 
tions, not excluded by the above relation. By employing the method of § 10 for 
the construction of limits, it is possible with little difficulty to obtain the 
various combinations desired. 

4. The K-relation. We shall subsequently show that it is possible to 
obtain, relative to the system (£l ; L), the L being unconditioned, a theory of 
sequentially continuous functions. However, some of the theorems in the theory 
of point sets are not holding, even though we suppose the limit L to have the six 
properties of § 3. The necessity of a system more restricted, and therefore less 
general, than the system (£} ; L) is thus apparent. 

We define : 

The K-relation is a relation between pairs of elements, and positive and nega- 
tive integers. 

The nature of the iT-relation will evidently depend upon the nature of the 
elements considered, and the situation in which it is to be employed. Relative 
to a class O, we may consider the ^T-relation as drawn up in the form of a table 
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which specifies for every combination of a pair of elements q lt q 2 with an integer 
m, i. e., for every q\q 2 ni, whether or not the relation holds. We denote the fact 
that the IT-relation is holding (not holding) between qiq z m by 

-ft- ais 2 m K -ft aia 2 mj' 

If we join the if-relation to a class Q, we obtain a system (£i; K). We shall, 
however, make a restrictive postulate relative to this system, viz. : 

In the system (Q; K), for every pair of elements q u q 2 of the class £l there 
exists at least one integer m such that 

K * 

The iT-relation may have one or more of the following properties : f 

(1) K q ^ m , • m<m' O • K Qiqim , 

i. e., if the isT-relation holds between q lt q % , and m', then it also holds between 
q lt q 2) and m, where m is any integer less than m\ 

(2) -ft ffijjm * ^ ' -fta 2 gim > 

i. e., if the if -relation holds between q lt q 2 , and m, then it also holds if the §'s 
are interchanged, i. e., between q z , q lt and m. The relation K qmm is symmetrical 
in the arguments q lf q 2 . 

* Frechet (loc. oil., p. 18) introduces in his work a " voisinage" or distance function on pairs of elements, 
and supposes that to every pair of elements q lt g 2 of the class Q there corresponds a real number a, the 
value of the function. We shall denote this function by <J, so that 6 is a function on OO to SI. The presence 
of a <! in the class Q gives us a system (O; 6). The idea of the above relation was suggested by the frequent 
occurrence of inequalities of the form 

^<7l</2 ~ • • 

11M2 _ m 

However, to permit the use of quantities on the right-hand side of this inequality which are greater than 
unity, it has been found convenient to substitute the inequality 

where c is a real number greater than unity, and m takes on both positive and negative integral values. We 
take up the relation between the Frechet 6, and the ^-relation in §6. 

t These properties are analogues of the properties which Frechet presupposes relative to the <S, viz. : 

J 2l9s - ° i d 2l?2 = <W i <Ws = ° * ^ - «1 = «* > 
i. «., if <! 2l g 2 is zero, then g 1 — q 2 , and if q 1 = q 2 , then 6 qm is zero : 

3 0, 3 ( L & = • dqiqz < « • dqrts < « • 3 • ^q z < </>,), 

e=0 
that is, there exists a real-valued single-valued function of e which approaches zero as e approaches zero, and 
is such that if dq^^e and rfg 2 g s <«, then <%g 2 <0„. 
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( 3 ) K b*»( m ) * D ' & = &, 

i. e., if the relation K qmm holds for all values of m*, then q x = q 2 . 

( 4 ) qi = q» o • ^ M2 m(w), 

the converse of (3). 

TO=0O 

t. e., there exists a function <£> of m, with integral values $ m , approaching infinity 
with m, and such that if K qmm and K mam then JK^^.f 

As properties equivalent to (5) if the symmetry (2) is holding, we notice: 

( 6 ) 3 $m 3 ( L 4> m = co • K mitn K q „ Am • D • K m ^ m ), 

m=ot> 

which reads like (5). Further : 

( 7 ) 3 4> m 3 ( L q» m = =0 • K mtm K mtm O • JT^J, 

( 8 ) 3 4> m 3 ( L $ m = oo . K q „q ltn K mim • D • K qm tJ. 

The functions 4> of (5) to (8) need not be identical. We denote them by $ B , <£> 6 , 
$, (p s , respectively. In addition to $ ms , we shall need the following : 

(a) <p 9 m = $1,., , where m' is the lesser of ^ and m, 

(b) $JJ = f 8 m , , where m' is the lesser of ^ m and m, 

(c) <£>^ = 4>^„, where m" is the lesser of ^ m and m. 

Evidently each of these three <p's approaches infinity with m. 

We speak of K 1 , K 23 , K~ u , etc., as iC-relations having the property (1), the 
properties (2) and (3), not the property (3) but the property (4), etc. 

5. Relations hetween the Properties of the K-relation. Before taking up the 
relations between the above eight properties we prove the following lemmas : 

(1) K*.K W .3. K M , 

i. e., if the ET-relatiou has the properties (1), (6), and (7), of § 4, then the 
^-relation also holds between q z , q 1 and $ n , where q? m is defined in § 4, in terms 
of $m and 4>L> whose existence is assured by the presence of K®. J 

* Denoted by (m). Cf . Moore, loc. cit., p. 27. 

fin addition to the Erechet property mentioned above compare also: 

| a x — a 2 | < l/c m . | « 2 - «, | < l/c m • 3 . | Oj — a 3 \ < l/c*«. . 
J This lemma and the succeeding ones aim at replacing the symmetry property (3) by a number of proper- 
ties, collectively weaker, but for our purposes equally effective. 
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Suppose K q ^ qim . Then since A 6 we have : K q%q ^ m . Let m' be the lesser of 
^ m and rn. Then since K 1 we have 

and so if we apply A 7 , we obtain : 

In a similar manner we show : 

(2) K™> K g ^ m •=> - K Ml ^ m . 

(3) K™' K m -3 • A 92ffi , u „. 
We have further : 

( 4 ) ^ 46 • K ^m • => • ^h**. t 

( 5 ) A'" * *T ai3a ™ • => • ^<^„ , 

(«) ^c 48 • A'*,.™ • => • ^ Ml ^ , 

the proof of which is easily evident. 

We then have the following propositions relating to the interrelations 
between the properties of A : 

(7) A 3 : ID : A 6 • oo • K e • oo • A 7 • oo • A 8 , 

i. e., if the A-relation has the property (2), then the properties (5), (6), (7), and 

(8) are equivalent. For we evidently can choose : 

3>m = <Pm = $>m = 4>m- 

(8) A 4 : 3 : A 6 • on • A' 7 ; 

»". e., if the 7£-relation has the property (4), then properties (6) and (7) are 
equivalent. We show first that if (6) is present, then (7) is also. Suppose 

A aiS2 m. and l\. qaqim . 



Then by (4) above, we have 
Hence, applying A 6 : 

Similarly if A 7 we show that 

(0) A* : 3 : A 7 • 3 - K- 



R- qvqi-f™ a nd K q! , qa 4,e„ 



A a 1 a3* o 6„ > *• *•> ^m — 4V- 



!>™ = 4»*'»» 
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In a manner analogous to the preceding, it appears that : 

(10) K* :D: K* O • K\ 

Evidently 

4>m = *k • 

(11) K u :0: K 8 -D • if 7 . 

The proof is the result of an application of proposition (5), and the method of 
proposition (1). 

The last four propositions may be gathered into a single one, and we 
thus get: 

(12) K u :D: K* -c/> • K 1 -c/) • K s O • A' 6 ; 

i. e., under the hypothesis that K has the properties (1) and (4), the properties 
(6), (7), and (8) are equivalent, and any one implies (5). 

(13) K im O • K\ 

This is a result of proposition (1), and the method of (1). It appears that 

where rn" is the lesser of $ 9 m and m. 

In an entirely similar manner we have : 

(14) K m -D • K s ; K m O • K m ; K m -D • K™. 

We can write these as a series of continued implications and equivalences 
as follows : 

(15) K 1 :D: K* • 00 • K™ • c/) • if 68 -D • A" 5 ; 

i. e., UK has the property (1), then the combinations (6) (7), (7) (8), (6) (8) are 
equivalent, and any combination implies property (5). 

We shall show later, in § 9, that these constitute all of the relations which 
hold between the properties of K, the class Q. being general. It is too much of 
digression to take up this discussion at this point. 

6. The Relation between the Fv'echet h and the K-relation. In the foot-note 
in §4 we referred to the fact that Frechet employs a distance function h, 
having certain properties. It is possible to separate some of these properties, 
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and we thus obtain the following, of which the last seven are analogous to the 
properties of the ZsT-relation above, with corresponding numbers : 
(0)* S ai<h >0 for every pair q lt q 2 . 

( 2 ) 5 ffi<fc = 5 flMi- 

The 8 is a symmetrical function of its arguments. 

(3) <-W = ° *=> * ?i = 9e- 

If for a pair of values ^ g^ the 5 function has the value zero, the two members 
of the pair are identical. 

(4) qx — q% -3 • 8 qig ,= 0. 

(5)t 3 4>e 3 (£<?>e = . 8 Viq ,<e • 3 ff , ffi <e -3 • 5 ffl<h <^„). 

6 = 

( 6 ) 3 4> 6 3 ( i ^ e = • S Ml < e • 8 Ml < e • 3 • 8 Ms < 4> 6 "). 

e=0 

( 7 ) 3 <p e 3 ( £<*> e = • 5 ffl<h <e • S Qm <e • => • ^<^. e ). 

e=0 

( 8 ) 3 <£> e * ( L<p e = . ^ 2ffl <6 . « Ml <e -3 • 8 9l<h <$>«)• 

6=0 

We denote by S z , <§ 34 , etc., a 5 having the properties (2), the properties (3) 
and (4), etc. 

In a system (Q ; 5) we are able to define a K, and thus obtain a system 
(£l ; K) as follows : 



9i9 2 m "<Zi«2 = om > 



i. e., the .ST-relation holds between q y , g 3 and w», if § =z -r^r . Denote the 
if-relation thus denned by K s . Then it follows at once : 



* This property, not analogous to any properties of the K, plays a role only in that it avoids the persistent 
use of the absolute value of the 6. From any given <S we can obtain an equally effective <5 having the property 
(0), by simply taking the absolute of the given <T. We shall suppose in the sequel that this has been done, and 
that we are operating with a <5 having the property (0). 

\ I. e., there exists a real-valued single-valued function <p 6 which approaches zero as e approaches zero, 
such that if <5q t q 2 <e and Sq 2 q 3 <e then S qi q s <<p e . Moreover, we are able to say that there exists a function <p 
which is bounded for all finite values of e. For suppose it were not so. Then there would exist 
(a) -{ «n [■ . «o> such that e„<e ^ 

<°) -i ?i» }-. i 1-2n }-) i *s» )■ , such that <S gi „ g2 „ < «„ and <5 q2 „ qSn < e n and d qi „ qan > n. 
But 

^9ln92ni e o " ^<?2nl?3n j£ e • 3 • ^qi n qsn ^ ^>6o > 

and we thus have a contradiction. We shall therefore suppose that the cb chosen is bounded for all finite 
values of e. Similarly for <j> 6 e , </> 7 e , <p a e below. 

31 
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(1) K\; i. e, the .ST-relation defined from the 8 has the property (l) of § 4. 
We have further : 

(2) If 8 has any of the properties (2), (3), (4), (5), (6), (7), (8) above, the 
K s has the corresponding properties. In full : 

S 2 O • K\\ 8 s O • JTS; & O • K\; 8 5 O • K\; 8* O • K\; 
V O. Zl; 8 s O. &!• 

The first three of these cause no particular 'difficulty. As for 8 & O • iCf, it is 
necessary to construct a <£ 6 . Let : 



E„ 



V 2 m = 2 m y 



i. e., the least upper bound of the values of <p e , while e lies between -^zr and 

"osr. In accordance with the foot-note on p. 247, this will evidently exist. 
Then if 

nm'-l ^>. w = qm' > 

we set q> m = m'. In this way we define a function <p with integral values 4> m , 
and evidently 

A similar construction holds for (6), (7), and (8). 

We thus have the result that the Frechet theory is a special case of a 
isT-theory. 

On the other hand, in a system (& ; K) where the ^-relation has the 
property (1), of § 4, we can define a 8, and hence obtain a system (D ; 8), in the 
following manner : 

(a).* If K mim (m), then 8 Mi = 0. 

(b). If not (a), then set 8 M2 — -^ , where f 

m' = B{m a K gig!m ). 

If we define a 8 corresponding to a A"-relation having the property (l), in this 
way we are able to state a proposition analogous to proposition (2) above. 

* If Kq^m holds for all values of m, then <S Sl?2 = 0. 

\m' is the least upper bound of the values of m for which the iT-relation holds between qtfjm. 
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As a consequence, whatever theorems involving the properties of § 4 are 
holding in a system {£x ; A), are also holding in a system (Q ; 8); and conversely, 
the theorems holding in a (& ; 8) will also hold in a (O ; A), provided the 
A-relation in question has the property (1). 

It seems then that the A-relation with the property (1) of § 4 is not more 
general than a §• "We can, however, regard the A-relation in the light of an 
operation which exhibits a 8 having rational values only, corresponding to any 
given 8. If, moreover, the A-relation is sufficient for our theory, then we have 
shown, incidentally, that the essential part of the 8 is a rational part. "We shall 
therefore use the .fiT-relation in preference to the 8. 

7. Limit defined in terms of the K-relation. In terms of the A-relation we 
may define limit as follows:* 

L 9.n — q *: = *.* m :3 : 3 n m 3 n > n m • 3 • K Qnqm . 

n 

Evidently such a limit is an L. We shall denote it by L K . It follows then that 
any theory obtainable in a system (£l ; L) is also holding in a system {£x ; K) 
with L = L K . 

We have the following propositions relative to the properties of L K : 

(1) K .Z> • ZS» 

where (2), (3), (4), (5) are the properties of L of § 3. This is at once evident 
from the definition of L K . 

(2) A'* -3 • L%, 

which is also an immediate consequence of the definition of L K . 

(3) A 186 -3 • L\; 

i. e., if A 136 , then the L K produces a unique limit. This may be shown as fol- 
lows : suppose 

L <ln = g', and Lq n — q". 

n n 

*Lq n = q is by definition the same as the statement: For every m there exists an integer n m such that 
n. 
for every n greater than nm we have ITq„qm- Of course, this is not the only possible definition of limit in a 
^"-situation ; e. g., we might define: 

Lqn = 2 : = : »» : =>: a «m. s « = »m 

n 

The above definition, however, is the analogue of the Frechet definition: 

Lq n = 1 ' = • L&q» q — 0. 
n n 
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Then by the definition of L K we have : 

m -D« 3n m 3n>n m -D« K qnq , m and K qn<1 „ m , 
the n m being the greater of the values of n m for q 1 and q". Then K 6 gives us : 

Now since Lty m = oo , and A has the property (l), we have : 

m 

Kq>q"m { m )> 

and so A 3 gives us 

q' = g". 

Usually in a situation in which it is a question of arguing the fact that a 
sequence approaches an element as a limit, we do not obtain a statement which 
is identical with the above definition, but rather one of which the statement of 
the definition is a consequence. One of the cases of frequent occurrence is 
covered by the following lemma : * 

(4) A 1 • | q n \, q : D : 3 ^ n 3 (L^ n = co • A ? „^J . D • Lq n = q. 

n n 

For since Lty n = oo , we have : 

m : D : 3n m 3 n > n m • D • 4> n > m - 
Since If 1 , this n m will also serve as the n m of the definition of limit. 

As a special case of this we might consider this proposition when for every 
n we have 

q n = q'- 

Then we have : 

(5) A 1 -q- q n = q l (n) :D: 3 ^ n 3(L^ n = oo -A^J O- A r4m (m). 

». 

This lemma was used in the proof of (3) above. 

8. On the Composition of Classes of Elements, and of A -relations. Suppose 
two classes C = [§■'], and Q" = [<?"]. We derive from these classes a product 
or composite class : 

i. e., a class £X = [<?] whose elements g = (5', g") are bipartite, q' and 5" inde- 
pendently ranging over the class Q' and O" respectively. In practice, when 
there is no possibility of misinterpretation, we denote the element (q', q") 
by q' q". 

* I. «., if the iT-relation has the property (1) of §4, and the sequence -j q n [- and the element q are such 
that there exists a function ip with integral values ij> n , approaching infinity with n, and such that Kg„g^„, 
then the sequence has q as a limit. 
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Similarly, from a finite number of classes £J, £l", . . . ■ , d n we obtain a 

composite class : 

Q,' £,".... £l n =[q J q"... <?"]. 

Returning to the case Q' G", suppose there exist in £1' and £l" ^-relations: 
K' and K" , respectively; i e., suppose we are dealing with the systems (&' ; K') 
and (O"; K"). Then the existence of a system (£l ; K) is of interest. This 
depends upon the possibility of defining a AT-relation from the K' and K". We 
construct such a iT-relation as follows : 

Suppose q x = q[q' x ' and q 2 = qiq2- Then 

K mim if there exist m' and m" such that K' q , iq , 2m , and K n q „ iq ,r im „ , and m is 
the smaller of m! and m". 

Evidently such a if -relation will satisfy the condition that for every pair of 
elements q t and q 2t of the class £*, there exists an m such that K qiq „ m , in so far 
as such a condition is holding in the systems (£)'; K') and (-£}"; K").* 

We consider how the presence of properties (l)-(8) of § 4 of the K' and K" 
affects the presence of the corresponding properties of the K. We have: 

k ,f . K „p . D . K p f 

where P= (1), (2), (4), (5), (6), (7), (8), but 

K as • K m • D • K 3 . 

The proof of these propositions is very simple. 

We can then state the result that if we have a theory in a system (£}'; K'), 
which concerns itself with properties (l)-(8) of § 4, a corresponding theory is 
holding in a composite class built up of two such systems. 

A similar construction and result relative to the composite class and the 
composite K will evidently hold if we are dealing with any finite number of 
systems (Q ; K). 

* The above definition is not the only one possible. Others which suggest themselves are : 

(a) Kq^m if both K' q r iq > 2m and K" q ii ig n im . 

(b) K q ^ m if either K' q t iq ',_m °r K"q" iq " 2 m- 

(c) K qi q 2 m if there exist m' and m" such that K'q' iq / im > and K" \i\qi\ m n and m is the larger of 

m' and m". 

(d) Kq x q#ti i f there exist m' and m" such that K' q ' iq : im i and K" q'i iq ii 2 m" and m = m' + m", 

(e) Kq^m if there exist m' and m" such that K'qi lCl i^ m ' and K" q i/ iq "„ m rr and m = m 1 x m" . 

All of these except the first have the defect that the theorem K n and K ,n • D • K z is not holding, and more- 
over it is not possible to find a simple condition on K' and K" which will carry with it the presence of the 
property (3) in K. In the case of the first, we do not have a system (O ; E) as defined in § 4, unless K' and K" 
have the property (1) of §4. 
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9. On the Complete Existential Theory of the, Properties of the K-relation. 
We conclude this part by the construction of a complete existential theory of 
the properties (l)-(8) of the .ST-relation. 

Definition* The complete existential theory of a set of properties P h 
P % , . . . . , P n of systems 2, consists of (a) the body of interrelations between 
the properties, and (b) a body of systems 2, there being a system 2 for each 
of the conceivable combinations of properties P lf . . . . , P n and their negatives 
Pj, . . . • , P n , not excluded by the interrelations of (a). 

In case a system 2 is obtainable for each of the 2™ combinations of 
-Pi, • • • •, P n an d their negatives P,, ... , P n , the set of properties 
P l5 . . . . , P„ is said to be completely independent and consistent. 

Evidently, if a set of n properties P 1} . . . ., P n are completely independent 
and consistent, they are also independent in the ordinary sense, i. e., it is possible 
to find systems 2 having the properties: 

Pi, Pa, • • • - , P n , Pi, Pz) Pgj • ■ • • , P n 'i • • • • ; Pi, P%, • • • • , P n _i, P„. 

We propose to consider the eight properties of the K -relation given in § 4. 
In § 5 we have derived a set of relations between these properties. These rela- 
tions exclude 176 of the 2 8 = 256 combinations of the properties (l)-(8), and 
their negatives, leaving 80 to be discussed. To complete the existential theory 
it is necessary to obtain a J?- relation for each of these eighty combinations of 
properties of K. We take up these eighty fiT-relations relative to classes £x of 
the following types : 

(a) A class O consisting of one element. 

(b) A class £l consisting of two elements. 

(c) A class £x consisting of three elements. 

(d) A class £l consisting of four elements. 

(e) A class £} consisting of a finite number of elements. 

(f) A class £i, consisting of a denumerable infinitude of elements. 

(g) A class Q consisting of a non-den umerable infinitude of elements of the 
power of the interval .... 1. These are denoted by 

>Ol £)Ih nils nll 4 QII„ OIII £sIV 

respectively. 

In the following table, which gives the eighty combinations of the presence 
and absence of the properties of K, let + stand for the presence and — for the 
absence of the property. The Roman numerals in the last column give the type 
of class £l of smallest dimension in which it is possible to determine a A"-relation 
having the combination of properties in question. 

*Cf. Moore, loc. cil., p. 82. 
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(1) (2) (3) (4) (5) (6) 


(?) (8) 






(1) (2) (3) 


(4) (5) (6) (7) (8) 




1 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


I,ll g 


41 


— 


-1 + 


-! + 


— 


+ 


+ 


11. 


2 


+ 


+ 


+ 


+ 


— 


— 


— 


— 


III 


42 


— 


-| + 


l 


+ 


+ 


+ 


Us 


3 


— 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


H 2 


43 


— 


— 


+ 


— 


+ 


+ 


— 





II. 


4 


— 


+ 


+ 


+ 


— 


— 


— 


— 


Us 


44 


— 


— 


+ 


— 


+ 


— 


+ 


— 


II. 


5 


+ 


— 


+ 


+ 


+ 


+ 


+ 


+ 


II. 


45 


— 


— 


+ 


— ■ 


— 


+ 


+ 


— 


Us 


6 


+ 


— 


+ 


+ 


+ 


— 


— 


— 


Ill 


46 


— 


— 


+ 


— 


+ 


— 


— 


+ 


II. 


7 


+ 


— 


+ 


+ 


— 


— 


— 


— 


III 


47 


— 


— 


+ 


— 


— 


+ 


— 


+ 


Ha 


8 


+ 


+ 


— 


+ 


f 


+ 


+ 


+ 


II. 


48 


— 


— 


+ 


— 


— 


— 


+ 


+ 


II 3 


9 


+ 


+ 


— 


+ 




— 


• — 


— 


Us 


49 


— 


— 


+ 


— 


+ 


— 


— 


— 


II. 


10 


+ 


+ 


+ 


— 


+ 


+ 


+ 


+ 


I, II* 


50 


— 


— 


+ 


— 


— 


+ 


— 


— 


Ha 


11 


+ 


+ 


+ 


— 


— 


— 


— 


— 


III 


51 


— 


— 


+ 


— 


— 


— 


+ 


— 


II 3 


12 


— 


— 


+ 


+ 


+ 


+ 


+ 


+ 


II. 


52 


— 


— 


+ 


— 


— 


— 


— 


+ 


lis 


13 


— 


— 


+ 


+ 


+ 


— 


• — 


+ 


II 2 


53 


— 


— 


+ 


— 


— 


— 


— 


— 


II. 


14 


— 


— 


+ 


+ 


+ 


— 


— 


— 


II. 


54 


— 


+ 


— 


— 


+ 


+ 


+ 


+ 


II. 


15 


— 


— 


+ 


+ 


— 


— 


— 


— 


Us 


55 


— 


+ 


— 


— 


— 


— 


— 


— 


11, 


16 


— 


+ 


— 


+ 


+ 


+ 


+ 


+ 


Ha 


156 


+ 


— 


— 


— 


+ 


+ 


+ 


+ 


Us 


17 


— 


+ 


— 


+ 


— 


— 


— 


— 


Us 


57 ! -|- 


— 


— 


— 


+ 


+ 


— 


— 


II. 


18 


— 


+ 


+ 


— 


+ 


+ 


+ 


+ 


I, II. 


58 


+ 


— 


— 


— 


+ 


— 


+ 


— 


II. 


19 


— 


+ 


+ 


— 


— 


— 


— 


— 


II. 


59 


+ 


— 


— 


— 


+ 


— 


— 


+ 


II, 


20 


+ 


— 


— 


+ 


+ 


+ 


+ 


+ 


Us 


60 


+ 


— 


— 


— 


+ 


— 


— 


— 


Us 


21 


+ 


— 


— 


+ 


+ 


— 


— 


— 


II. 


61 


+ 


— 


— 


— 


— 


+ 


— 


— 


Us 


22 


+ 


— 


— 


+ 


— 


— 


— 


— 


Ha 


62 


+ 












+ 


— 


lis 


23 


+ 


— 


+ 


— 


+ 


+ 


+ 


+ 


II, 


63 


+ 


— 


— 


— 


— 


— 


— 


+ 


II3 


24 


+ 


— 


+ 


— 


+ 


+ 


— 


— 


III 


64 


+ 
















lis 


25 


+ 


— 


+ 


— 


+ 


— 


+ 


— 


III 


65 


— 


— 


— 


— 


+ 


+ 


+ 


+ 


II, 


26 


+ 


— 


+ 


— 


+ 


— 


— 


+ 


III 


66 


— 


— 


— 


— 


+ 


+ 


+ 


— 


II4 


27 


+ 


— 


+ 


— 


+ 


— 


— 


— 


III 


67 


— 


— 


— 


— 


+ 


+ 


— 


+ 


1I 8 


28 


+ 


— 


+ 


— 


— 


+ 


— 


— 


III 


68 


— 


— 


— 


— 


+ 


— 


+ 


+ 


H3 


29 


+ 


— 


+ 


— 


— 


— 


+ 


— 


III 


69 


— 


— 


— 


— 


— 


+ 


+ 


+ 


II3 


30 


+ 


— 


+ 


— 


— 


— 


— 


+ 


III 


70 


— 


— 


— 


— 


+ 


+ 


— 


— 


II, 


31 


+ 


— 


+ 


— 


— 


— 


— 


— 


III 


71 


— 


— 


— 


— 


+ 


— 


+ 


— 


II, 


32 


+ 


+ 


— 


— 


+ 


+ 


-j- 


+ 


II. 


72 












+ 


+ 


— 


II3 


33 


+ 


+ 


— 


— 


— 


— 


— 


— 


II. 


73 


— 


— 


— 


— 


+ 


— 


— 


+ 


II, 


34 


— 


— 


— 


+ 


+ 


+ 


+ 


+ 


II, 


74 












+ 


— 


+ 


II3 


35 


— 


— 


— 


+ 


+ 


— 


— 


+ 


Ha 


75 














+ 


+ 


11. 


36 


— 


— 


— 


+ 


+ 


— 


— 


— 


II. 


76 


— 


— 


— 


— 


+ 


— 


— 


— 


II. 


37 


— 


— 


— 


+ 


— 


— 


— 


— 


II. 


77' 


— 


— 


— 


— 


— 


+ 


— 


— 


Us 


38 


— 


— 


+ 


— 


+ 


+ 


+ 


+ 


II, 


78 


— 












H- — 


II3 


39 


— 


— 


+ 


— 


+ 


+ 


+ 


— 


Us 


79 


— 





— 


— 


— 


— 


— + 


II3 


40 — 


— 


+ 




+ 


+ 


— 


+ 


II. 


80 












i 


II, 
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(a) The class Q consisting of a single element. Let the element be q. 
Then to define the AT-relation it is necessary to state the values of m for which 
K qqm holds. Then we have : 

(1) (& J ;K) O • K mm . 

There is no difficulty about seeing that A 256T8 . As for A 3 we either have 

K qgm (m) or 3ma—K qgm . 
In the first case A -3 , and in the second A 3 vacuously* We have further : 

(2) (&;K) :D: K* O- K\ 

For if A 4 we must have K qqm (m), and so A 1 . 

These two propositions exclude all but the following three combinations : 

1- + + + + + + + +; 10. + + + - + + + +; 18. — + + -+ + + +. 
For 1, let K qqm hold for every m ; for 10, let K qqm hold for m < m x ; and for 18, 
let K qqm hold for m > m, . 

The case in which the class D. consists of only one element not being of 
frequent occurrence, we give A"-relations satisfying the combinations 1, 10, 18 
under the next head also. 

(b) The class £l consisting of two elements, q 1 and q s . In this case we must 
assign values for which 

hold. We arrange the combinations possible in IL in tabular form, giving first 
the combination of properties, then the values of m for which the A-relations hold, 
and finally the functions <J> 5 , <£ 6 , 4> 7 , and <?> 8 , in case we have A' 6 , A", A' or AT 8 . 

We thus obtain 34 systems in C IIa . We are not able to obtain more on 
account of certain relations which exist between these properties in case the 
class D, consists of two elements only. These relations, suggesting themselves 
in the attempt to obtain a A-relation satisfying combinations of properties which 
they exclude, are : 
(1) A 13 • D • A 6678 . 

* This term and concept, introduced by Moore {Transactions of the American Mathematical Mociety, III, p. 489, 
foot-note), is of considerable importance in this type of discussion. We shall make use of it frequently, 
especially as far as the property (3) is concerned. 
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(1) 


(2) 


(3) 


(4) 


(5) 


(6) (7) 


(8) 


■"- ftffim 


-" 8iff 2 m 


-"-3251 m 


A 92«2m 

(m) 


* 


1 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


(to) 


m < m 1 


rn<rn l 


<?>«, = »" 


3 


— 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


(to) 


m>m 1 


m> s rn 1 


(«) 


4» m = TO 


5 


+ 


— 


+ 


+ 


+ 


+ 


+ 


+ 


(to) 


to < Wj 


m <m 2 <^m l 


(m) 


4> m = TO 


8 


+ 


+ 


■ — 


+ 


+ 


+ 


+ 


+ 


(to) 


(m). 


(to) 


(rn) 


<?>m = m 


10 


4- 


+ 


+ 


— 


+ 


+ 


+ 


+ 


m<m l 


to < m 1 


rn <m J 


m < m 1 


4>ro = W. 


12 


— 


— 


+ 


+ 


+ 


+ 


+ 


+ 


(to) 


to > to. 


m >to s > m 1 


(m) 


^. m = TO 


13 


— 


— 


+ 


+ 


+ 


— 


— 


+ 


(to) 


m odd 


m even 


(m) 


$» = »» ; <& = to + 1 


14 


— 


— 


+ 


+ 


+ 


— 


— , — 


(to) 


m > Wj 


rn<^ m 1 


(m) 


■ ?>m = m 


18 


— 


+ 


+ 


— 


+ 


+ 


+ ! + 


m^OTj 


to > m x 


rn. > wjj 


rn > m 1 


<?) ra = TO 


19 


— 


+ 


+ 










m> m 1 


to > tn 1 


m > wij 


m <C m t 




21 


+ 


— 


— 


+ 


+ 


— 


— 


— 


(to) 


(to) 


m <in 1 


(m) 


4>*, = m 


23 


+ 


— 


+ 


— 


+ 


+ 


+ 


+ 


m<m 1 


m,<m 1 


m ^ m i<C m i 


m< m l 


j <J> m = m : to > m { 
}<p m =m i : to < «»! 


33 


+ 


-1- 














m<m 1 


(to) 


{rn) 


m < ?»! 




34 


— 


— 


— 


+ 


+ 


+ 


+ 


+ 


(m) 


(to) 


m^m^ 


(m) 


U m = to : TO > TO, 

/ <?)„, = m 1 : rn < m, 


36 


— 


— 


— 


+ 


+ 


— 


— 


— 


(to) 


(to) 


m 1 


(m) 


4> 5 m = TO 


38 


— 


— 


+ 


— 


+ 


+ 


+ 


+ 


w = w, i 


m^m 1 


m > m i '^-m l 


rn > m t 


f^) m = to : TO > TO 3 
J4) m =OT 2 : TO<TO a 


40 


— 


— 


+ 


— 


+ 


+ 


— ; + 


to odd, mj 


m l 


m even, m 1 


Wlj 


^m 1 =m 1 ; $%=m; $ 6 m =m+l 


41 


— 


— 


+ 


— 


+ 


— 


+ 


+• 


to odd, m 1 


rn even, m l 


m l 


Wj 


^ mi —mi; ^=m;4) r m =TO+l 


43 


— 


— 


+ 


— 


+ 


+ 


— 


— 


m>m 1 


m < m 1 


m > Wj 


m <^ m [ 


4>S = m. 


44 


— 


- — 


+■ 


— 


+ 


— 


+ 


— 


to < OTj 


to,< mi 


m > Wj 


m>_m x 


< = m 


46 


— 


— 


+ 


— 


+ 


— 


— 


+ 


»i< m 1 


m > w 2 ]> m x 


W 1 < C W '<] W? 2 


m <[ wjj 


*S = m 


49 


— 


— 


+ 


— 


+ 


— 


— 


— 


to > m x 


m^rrij^ 


m <^ m x 


m > Wj 


^>™ = w 


53 


— 


— 


+ 


— 


— 


— 


— 


— 


TO < TO] 


m>m 1 


m>m 1 


rn <^ wjj 




54 


— 


+ 


— 


— 


+ 


+ 


+ 


+ 


m > m 1 


(m) 


(m) 


m^_m 1 


|^) m =w: TO > TO, 
l^>m= *»j: TO<TO, 


55 


— 


+ 














m <^ m 1 


(to) 


(m) 


m > wij 




57 


-f 


— 


— 


— 


+ 


+ 


— 


— 


m <m 1 


(m) 


m <rn 1 


(m) 


4>* = m 


58 


+ 


— 


— 


— 


+ 


— 


+ 


— 


(to) 


(w) 


m. < m^ 


TO < TOj 


4>S = m 


59 


+ 


— 


— 


— 


+ 


— 


— 


+ 


m<m 1 


(to) 


rn <m 1 


TO < TOj 


^>S = m 


65 


— 


— ■ 


— 


— 


+ 


+ 


4- 


+ 


«!>»»! 


(m) 


m> s rn 1 


TO > Wj 


\$m ~ m : TO > TO, 

l<|) m = TO, : «<«?! 


70 


— 


— 


— 


— 


+ 


+ 


— 


— 


w <TOj 


(m) 


m<m 1 


TO > TOj 


^) 66 ; cf. 65 


71 


— 


— 


— 


— 


+ 


— 


+ 


— 


to > m 1 


(to) 


m<m x 


m <m 1 


(J) 67 ; cf. 65 


73 


— 


— 


— 


— 


+ 


— 


— 


+ 


rn<rn 1 


(to) 


rn = m 1 


rn < m 1 


$> K ;cf. 65 


76 


— 


— 


— 


— 


+ 


— 


— 


— 


rn>m 1 


(m) 


m<^m 1 


TO > TOj 


(p*; cf. 65 


80 


















m<^rn 1 


(w) 


m>m 1 


»!>»>! 





32 
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This proposition holds also when £} is any class of finite dimensions. We 
prove it by constructing the $. Evidently* 

m 1 = B (m a K g . qkm , i^Tc; i, k = 1, 2, , n) 

exists. Also, if K does not have the property (4), there will exist : 

m" = B(rn3 K^^, % j=j a K q . qfn (m)). 

Let rn be the greater of these two, which, in case K i , will evidently be m'. Let 
further : __ 

m' = B(B (m 3 K^, ij=h)\i, h= 1, 2, ....,«), 

2»" = ^( 5 ( ms ^« A m, » =£ J" 3 ^ «, % » (»»)) | ») 

and wt the smaller of these. This will exist on account of the finiteness of the 
class £l. Then we construct : 

q> m = rn when m < rn, and <£> m = m when m > m. 

It is easy to see that this <£> serves the desired purpose. 

(2) K 2i ~ 3 -D • A' 16678 . 

Since K* we have 



Further, from K 2 3 , 






Hence A" 156T8 . 

(3) a* • d . a 8 . 

For if IT* we can choose q> m = m. 

(4) A 1_8 . D . if 6 . 

We can construct a <p in a manner similar to that used in proposition (1). 

(5) A ia7 ~ 3 . D • A 2458 . 

If .ST 3 , we have either K m2m (m) or A' ViftTO (m). Suppose K qiqim (m). Then 

A 16 O • A MlM (m), A 17 O • A 92ffim (m), and A 16 O • A fll!Zim ( m ). 
And so we have K 2m . 

(6) A 48-3 • D • A 67 . 

*5» / is the least upper bound of the value3 of m for which K qq m holds, where »;£ k, and both i and k 
range oyer the values 1,3 , n. 
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By IT 4 we have K mm (m), and K mifn (m). Also by K~ 3 we have either K mim (m) 
or IT^ (m). But in either case the presence of K 8 permits us to take 

(7) Z 6 • D • If 5 . 
if 5 afFects the following pairs of .fiT-relations : 

^-QiQimf -"-Qiaimt IV QiQim> -^-g^m) "-QiQiiru "-? 2 (?im > "-ffiSsnn ^Qifomi 
ffsffim) -"-QiQim > "-(dgimi ""-g^mi ■ /1 -g2?2»»> Qrfim t 1 ^-q i q i mi ^- q 2 q 2 m, • 

Of these K* relates to the following pairs : 

QiQim) -"-4i«im J <IiQim> -"-gi92ttt> 4292m > 929i«i 5 -^«292m' 9292W 

Moreover, by if 8 we have : 

-"•«i«2m 'J * -**«i««*»m> aDC * ^q 2 qim ' J * ■KqtfiWm- 

So that 

9l92»»> -^-929lTO * "■* 9l9l»l <f> 8 m 

and 

There thus remain to be treated only : 

^«i*m with ^929 2 ™ and -ffftfc™ With •K'ftftm- 

We build our qt> 5 as follows: for m's common only to K qxqim and K q ^ m , and com- 
mon only to JT M , m and K mxm , let ^ = m. For all other values of m let 
^m. = $m- I* is n °t diflBcult to show that this is an effective $£,. 

(8) K" • D • iT 6 . 

The demonstration of this is analogous to that of (7). 

(9) K 8 • D • iT 6 . 

We show that it is possible to choose q> h m = ^ 8 „, by taking up each individual 
pair to which K* applies. 

(10) K m O • K 8 . 

The proof is similar to that of (7). 

(11) K 68 ' 3 O • K\ 

By writing down all pairs to which IC applies, and using the fact that since 
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K~ z , we have either K mim (m) or K mim (wi), we find without much difficulty 
that #, = #,^ . 

(12) iP 8 " 3 O • K 6 . 

The proof of this is similar to that of (11). We find that 4>m = <?>Je 

(13) K l ' % ' z O • K* or K 6 or K" or K\ 

Since iT~ 8 , we have either K qiq2m (m) or K mim (wi), but not both, since K~ z . 
Suppose K mtm (tn). Then K 1 ' 2 O ♦ 3«)]3 K q ^ im for m<rn 1 only. There are 
then four possibilities relative to K qmm and JT M2m : 

(a) 2T ftflira (mj, and jr Mjm (m). Then ^*. 

(/?) ^"ftwi ( m ), and ^ ftWB m<m z . Then JT. 

(y) -^"ftaim for ^S" 1 ! and K q ^ m (m). Then iT 6 . 

($) ^sim f or w?<w? 2 and K mim for m<m 3 . Then iT 8 . 

These relations make impossible the systems not included in the above 
enumeration of the systems possible in G 112 . In particular, (1) excludes 2, 6, 7, 
11, 24, 25, 26, 27, 28, 29, 30, 31; (2) excludes further 9, 16, 17; (3) excludes 
4, 5, 22, 37 ; (4) excludes 61, 62, 63, 64 ; (5) excludes 20, 32, 56 ; (6) excludes 
35; (7) excludes 42, 45, 47, 50, 69, 72, 74, 77; (8) excludes 48, 51, 75, 78; 
(9) excludes 52, 79 ; (10) excludes 39, 66 ; (11) excludes 67 ; (12) excludes 68 ; 
(13) excludes 60. This totals 46, the number of systems which have not been 
obtained thus far. 

(c) The class Q consisting of three elements ; i. e., £i lls . We pass now to 
the case in which the class D, consists of three elements. We do not take up 
the combinations of properties of the iT-relation found to exist in a (Q IIa ; K). 
As a matter of fact, we shall show later how to modify the systems obtained in 
G 112 , so as to procure systems in £x lls having the same combinations of properties. 

As regards the relations which hold between the properties of the iT-relation 
when £} consists of three elements, we have already seen that the relation 

(1) K 13 O • K ms 

holds when £J is of finite dimension, and hence when £i has only three elements. 
There is but one other proposition holding in Q IIs : 

(2) K™~* O • K s . 

This is proved by considering all of the pairs of JT-relations to which if 8 applies. 
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If we assume that K m2m (m), one relation of this type holding on account of K~ 3 , 
it is easily apparent that we have <£> 8 = $*, 6 , excepting for the following four pairs 
of iT-relations : 



K, 



qtfstn. 



K~ • TT 



TT ' TT TT 

■ n -g 2 q l m,1 - /1 ff 2 9 , 3»" * - a «i«2»' > 



^ M) » • K Q2 q 2 m, for which 



we have as a possible <|> 8 : $ 8 = 



' 05 



We then build a <£> 8 as follows : Take 

or both 



4> 8 = <j^ 7 5 excepting for values of m for which both Kq lQsm and K qiQim 
Kqa 3 m and K q ^ my and not JT MiW or K qmm , and for which both K Mam and E Mim 
or both K q ^ m and -ff^, and not JT Mim or JT Mim or # M3ro , hold. For these 
values of m we take 4> 8 = <^6 5 . It is not difficult to show that this <£> is 
uniquely determined for all values of m and that Lq> m = <x> . 

m 

This proposition excludes but one further possibility : 66. There thus re- 
main thirty-three combinations of properties of K which it is possible to obtain 
in a class £l IIs , in addition to those already obtained in £l Tl2 . These systems are 
given in Table III. 

(d) The class D, consisting of four elements. Passing to the case in which 
the class Q consists of four elements, we obtain only one additional system, viz., 
one satisfying the combination : 

66. + + + — . 

The following if-relation will satisfy this combination of properties : 



K q 
K, 



q 2 q 1 m 



«4«1»' 



m. 2 , m a , m> = m 1 ; K n 

Kq, 

K, 



q^q 2 m 



m 3 , m > ffljj 

n h ; 

m, ; 



<h>t,m 



K, 



q,q 2 m 



(m); 



'3> 



m > raj ; 



m. 



2) 



m 3 , m, 



6) 



K 

K, 



QiWn 



q 2 q s m 



QsQsm 



q,q t m 



1 • K 

"8 > ±i - qtq t m 



m 2 , m 4 ; K t 
K, 



q 2 q,m 



}}>,. 



Z j 



q 3 q,m 



tYbn 



K, 



m», m, 



3; "%i 



m 



i j 



q^m • m 2> m Z- 



We suppose the m z , . . . ., m T to be distinct, and less than m 1 . The values of the 
^-functions are as follows : 





m 2 


m 3 


w 4 


m 6 


m>m 1 


WK^Wj 


? 5 


m z 


rn 3 


m 6 


m 3 


m 


rn 


<p« 


m 2 


m 3 


m 2 


m 2 


m 


m x 


<*>'' 


m 2 


m a 


m 2 


w 3 


m 


m x 



In this situation K 8 , because the <p 8 m is not uniquely defined for the value tn it a 
result of considering E mimt with K msmi and K mmt with K mtm . 
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TABLE III. 





(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 




K 


K 


QiQim 




4 


— 


+ 


+ 


+ 


— 


— 


— 


— 


(m) 


tn> m l 


m < m, 


rn > m, 


(rn) 


9 


+ 


+ 


— 


+ 1- ' 


— 


— 


— 


(rn) 


(tn) 


m<m x 


(m) 


(m) 


15 


— 


— 


+ 


+ 


— 


— 


— 


— 


(m) 


m>m 1 


m <^ Wj 


m > m 2 


(m) 


16 


— 


+ 


— 


+ 


+ 


+ 


+ 


+ 


(m) 


{rn) 


»/!>«?! 


(m) 


(m) 


17 


— 


+ 


— 


+ 


— 


— 


— 


— 


(rn) 


(rn) 


in <^m 1 


(rn) 


(m) 


20 


+ 


— 


— 


+ 


+ 


+ 


+ 


+ 


(m) 


(m) 


m<m x 


(m) 


(rn) 


22 


+ 


— 


— 


+ 


— 


— 


— 


— 


(m) 


(m) 


m < m, 


(in) 


(m) 


32 


+ 


+ 


— 


— 


+ 


+ 


+ 


+ 


(m) 


(m) 


m<m 1 


(m) 


(m) 


35 


— 


— 


— 


+ 


+ 


— 


— 


+ 


( m ) 


(rn) 


m z 


(m) 


(m) 


37 


— 


— 


— 


+ 


— 


— 


— 


— 


(m) 


(m) 


rn <;«!, 


(m) 


(mi) 


39 


— 


— 


+ 





+ 


+ 


+ 


— 


m u wig, m s 


m lt m z 


m 3 


m 2 


m z 


42 








+ 








+ 


+ 


+ 


OT 4 


m, 


m z 


m s 


m 4 


45 


— 


— 


+ 


— 


— 


+ 


+ 


— 


m lt m z 


m u m z 


m a 


w 2 


m t 


47 


— 


— 


+ 


— 


— 


— 


+ 


+ 


«>6 


m 1 


m z 


m s , m 4 


™<> 


48 


— 


— 


+ 


— 


— 


+ 


— 


+ 


m 6 


m, 


m z 


m 8 


m 6 


50 


— ■ 


— 


+ 


— 


— 


+ 


— 


— 


m < nij 


m ]> m x 


m <m, 


rn < m x 


m >«ii 


51 


— 


— 


+ 


— 


— 


— 


\~ 


— 


mi> m^ 


m > m t 


rn <m 1 


wz > n> 1 


m >• Wj 


52 


— 


— 


+ 


— 


— 


— 


— 


+ 


m < tn } 


m > m^ 


m <m^ 


rn < m x 


m <m x 


56 


+ 


— 


— ■ 


— 


+ 


+ 


+ 


+ 


(m) 


(rn) 


m < m 1 


(m) 


(tn) 


60 


+ 


— 


— 


— 


+ 


— 


— 


— 


m < W] 


(m) 


(m) 


m < m 1 


m < ;/ij 


61 


+ 


— 


— 


— 


— 


+ 


— 


— 


m < m x 


(m) 


m.<m l 


m < m t 


(m) 


62 


+ 










+ 


— 


(m) 


(rn) 


m<m x 


(rn) 


(m) 


63 


+ 












+ 


m < m l 


(m) 


m<m 1 


m < m 1 


m < Wj 


64 


+ 














m <m 1 


(m) 


m<m 1 


m<rn l 


m <m, 


67 


— 


— 


— 


— 


+ 


+ 


— 


+ 


rn = 2m', m 2 


(m) 


m x 


m = 2m 1 , m 1 


m — •1m' , wij 


68 


— 


— 


— 


— 


+ 


— 


+ 


+ 


m = 1m! , m 1 


(m) 


m=2rn' + l, m t 


m ^ 2m', Wj 


m = 2m', Wj 


69 












+ 


+ 


+ 


m = 2m', m 1 


(m) 


m 1 


m = 2m', m 1 


m = 2m', w, 


72 


— 


— 


— 


— 


— 


+ 


+ 


— 


m = 2m', »?j 


(m) 


m 1 


m = 2m', m 1 


m = 2m', m r 


74 


— 


— 


— 


— 


— 


+ 


— 


+ 


m = 3m', m, 


(m) 


m 1 


m = 3m 1 , m 1 


m — 3m', tn 1 


75 














+ 


+ 


m = 3m', w»i 


(m) 


w=3m'+2, w, 


m = 3m', w, 


m = 3m', m x 


77 


— 


— 


— 


— 


— 


+ 


— 


— 


»!<«!] 


(m) 


m <m 1 


m < my 


m> m x 


78 














+ 


— 


m > Wj 


(m) 


rn <m 1 


(m) 


(in) 


79 
















+ 


m <m 1 


(m) 


m <m 1 


m < m-y 


m <»ij 
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TABLE III— Continued. 



-* 1 ffiSsm 


-"■SsSiTO 


-^8«9am 


-"■« 3 « s m 


$ 


m > m t 


TO < TOj 


to >m x 


(m) 




(to) 


TO < TO, 


(to) 


(m) 




m>m 1 


to < wij 


to> w 2 


(m) 




m > m 1 


TO > Wi 


m>^m l 


(w) 


4> m = m 


m^Lm^ 


TO < Wj 


to > Wj 


(m) 


• 


to < m 1 


TO < OT 2 


to < w a 


(m) 


$ m = m : to > To! 


M 


TO < OT 2 


(to) 


(m) 




m < w?! 


W < Wi 


TO < Wij 


TO < W?! 


<£ m = m 


w 2 


W 8 < W 2 


TO 8 


(to) 


$® = to ; <£ 6 m2 = m 3 ; $ 8 ms = to 2 


w > m 1 


tn < wjj 


m > m s 


(to) 




m 4 


«!,% 


Wij 


TO 3 


^t—m; <?> 6 mi =w 3 ; 4> 8 m2 =m 2 ;^ 6 mi =m 8 ; 
<?>m 4 =»"a; ^= m 3; <?>m,=»n 2 ; ^,=m 8 ; 


m 1 


TO! 


TO 6 


TO 4 


^ 1 = ?' 6 m 2 = m 4; <?'m I =" i l 


TO, 


w 4 


TO 5 


TO, 


< = ^>S, = w 2 


m u m i 


m 1 


TO, 


TO 6 


<p 8 mi = w»i ; ^>m, = ^L = »5 


w»i, to 2 


■m x 


m 4 


TO 6 


^m, = «i ; Ki = ¥k = m b 


to >TOi 


to < m 1 


to >»?j 


TO > )«i 


<p° m = m l : to < wij ; $%, = in : m < TOj 


m'^>m 1 


m<m 1 


wi <m, 


TO < TO! 


Cf. 50 


m > wij 


»»>???! 


m < m 1 


TO < TOj 


Cf. 50 


TO < Wj 


m<rn 1 <^m 1 


m < w 2 <[ «ij 


to < m 8 < w 3 


$ m = w 8 : m < TOj ; <|> m = m : to > TOj 


(m) 


w < TOj 


«l < 77?i 


tn<m 1 


4>m = W» 


(«•) 


TO < Wij 


(m) 


(to) 


<Pm=m 


(to) 


TO < Wi 


m <m 1 


TO <TOj 


<Pm = in 


(to) 


(TO) 


m < m 1 


TO < W] 


<Pm = m 


(m) 


»?<»«! 


to <w, 


TO < TOj 




«ij 


Wj 


m=2»?.'+l, fflj 


TO = 2OT', OT x 


^m, = W»i: 4*m = W» S <?>m = 2»l 


«»i 


TO] 


Wij 


TO = 2m', TO X 


Cf. 67 


wi = 2to' + l,m l 


OT = 2«j'+l, Wj 


Wj 


to = 2m', TOj 


Cf. 67 


m=2m'+l,m 1 


to x 


m. 


m = 2m', m x 


<?V = »»! ; ^. 6 „; = 2m 


m=3m'+l, m 1 


m = 3m' + l, m x 


TO=r3m' + 2, »»! 


to = 3m', To] 


<*> mi = »»i ; <P™ = 3m ; ^) 3 m = to 


m=3m'+l, wij 


w=3m' + l,»i 1 


TO j 


m — 3to', TOj 


<?»h = »", ; <f T m = 3to ; ^. 8 m = to. 


(m) 


to < ?»! 


7/1 > W, 


(to) 


i£ m = TOj : to < To] ; ^> m = to : m >• to 2 


(w) 


m < wij 


to < m l 


m <m l 


Cf. 77 


(to) 


m> Wj 


m<m 1 


m<m l 


Cf. 77 



262 Hildebkandt : A Contribution to the 

(e) The class O containing any finite number of elements. It is not possible 
to obtain any additional systems when we pass to the general finite case. 

(f) The class O consisting of a denumerable infinitude of elements. We are 
thus forced to proceed to the case in which the class O is infinite. The simplest 
type of infinity is the denumerable type, and so we consider this first. It is 
possible to obtain systems (G. 111 ; K) which have the twelve combinations of 
properties of the ^"-relation not yet considered. Suppose the elements to be 
q if i = 1, 2 Then the jST-relations may be defined as follows : 

2. +-J- + + . _ : K 9iQjm z i =f=j =f= 1 or 2 : m < 2 

i = j : (w) 

i or j = 1 or 2 : rn < i -+- j. 

For from K q q.i+j with JC q . g 1+J would follow' K^^^ ., which is contrary to 
-ff" 9ig23 . Since K* we have also H. 6_7 ~~ 8 . 

6- -\ h + H : K : i=jz (m) 

* J 

: i <C J • w < 2 
: i >y : m<i. 

(1) .ST 6 . We show that ^>^ = m. Suppose K qq . m and K Q . q m . Then if 
i=J or j =. Jc, we evidently have q> 6 m = m. There remain to be considered 
thus : 

(a) i~^>J, j ~^> Jc. Then since K q _ qm holds for m<i, J%~ qq m for m <j, and 
K a ^ Q ^ m for rn <i, we evidently have tp% n = rn. 

(P) i<ij, j>Jc. Then since JT qq . m holds for m < 2, and K q for m <j, 

while K^^ at least for m < 2, we also have ^>^ = m. Similarly it appears 
that this <p^ will work for the other two possibilities : i > j and J ■<£. &> and 
i<C.j and j <; h. 

(2) On the other hand we have K~*. For suppose i ^> 2. Then if K® we 
should have from JT aq t and Z Mi) IT q q ^ . But by hypothesis we have at 
most K Qxq ^. Hence K^ a . 

Since, further, K 6 , K" 1 , K % are equivalent under K^ by § 5 (12), we have 

H \- + • — : K qtq . m i =j : (»i) 

i =f=j; i — y^: 1 : m < 2 
i—j'= 1 : m <2i -j~ 1. 
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For ^Wn«+i with K «i+i«i+t«+i would § ive us b ? ^ K Vi+zhi+v and we have 
at most K„„. 2 . Hence -ST -5 . Again by K 6 we should have from K„. q , 2t+1 

with Kg.g Zi+1 : K g q ^ , and we have at most : K q , „ 2 . Hence K~ 6 , and also, 

by §5(12), jjT 7 and JT 8 . 

11. + + + : K i #= 1 and j 4= 1 : m < 2, 

t = l or y = 1 : m < i + j. 
This is similar to 2 above. 



24. + — H (-+ : # w » w» </• 

It is not difficult to show that $* = m. We see that K~ n by considering K q q , m 
with K qqm , and that -fiT~ 8 by considering K qqm with K q , q . m . 

25. + — + — + — + — : ^. g . m m <». Cf. 24. 

26. H 1 1 j- : K q>qm m < 2, except when i — j = 1 and £ is 

even, in which case in < 2i + 1. 

It is easily apparent that $% = m. On the other hand, if K 1 and K 6 we should 

have from Z' <rA+1 » +1 : ^ ai a^ zi+1 and ^ i+1 « i+1 * 5 2i+ i' wMch is contrai 7 to ^W 
and jffl „ o. 

27. + — + — + : K :i<j m<l 

i~^>j m <i. 
Cf. 6. 



28. H 1 1 : K qi<tfn : rn < 2 except JT W for i = 3rc -f 3, 

and A 8{+i84m , it,^^, A 8i(?i+2m tor 

t'=3n+l, in which cases m<n-\- 1. 

We show without much difficulty that ^ = rn. The negatives are easily 
obtained. 

29. -) 1 1 : K q . qm : m < 2 except K q qm for i = 3n -+- 3 



*i*J 



Similar to 28. 
33 



or 3n + 1, and ^ v . +1 ™, ^ A+2 m, 
^+s«i m ' for * = 3n + 1, in which 
cases »i < n + 1 . 



264 Hildebeandt : A Contribution to the 

30. H 1 h: J^ q . t . m : m < 2 except -^ ?4<7i+1 m for i = 3ra + 1 

or 3rc + 2, in which case w < 2w+ 1, 

and K q . q _ m for i = 3», for which 

m < 2* — 2. 
We have in this case <p^ = rri — 1. 

31. H 1 : K„ : m<i+j. 

We have thus obtained a situation for each of the above combinations of 
properties. 

(g). However, the classes O, to which we apply the iT-relation and its 
properties, are generally of the denumerably infinite, or non-denumerably 
infinite type. In the above set of systems, however, there are considered only 
twelve which include a class O which is denumerably infinite, and no system in 
which the class D, is non-denumerably infinite. The question naturally arises 
whether these situations are possible also in these two types of classes. We 
obtain the desired result by attempting to extend the given situations to classes 
of greater dimension, preserving the properties of the iT-relation. The following 
scheme of extension will cover a large number of cases : 

(a) Extension of C n » to £i x h , l>n. 

Let the elements of O 11 ' be q u q 2 , ■ • • •, q t . We put this set into cor- 
respondence with a set of n elements, q[, ql, ...., q' n) by supposing q' f to 
correspond to q it if/==(i — 1) mod n. This assigns to every member of the 
set q u . . . . , q lf a definite correspondent of the set q[, q%, ■ ■ ■ ■ , q' n . We suppose 
then that K qqm holds for values of m for which K q , , 9 »., m holds, where q[, corre- 
sponds to q i and q y to <?,•. We then have 

(1) K F in £} IX » • 3 - K F in O 11 *, 

where P is one of the properties: (l), ( — 1), (2), ( — 2), ( — 3), (4), ( — 4), (5), 
( — 5), (6), ( — 6), (7), ( — 7), (8), ( — 8). There is no difficulty about seeing 
this. Hence it includes all of the properties and their negatives, excepting (3). 
If by if - *, identically, we mean that for no i do we have K q . q . m , then we can say : 

(2) K*-* in £l H « • 3 • K 8 ~* in G IJ s. 

As a result we have then that if, in the combination K~ 3i , we have K~^ identi- 
cally, all cases excepting those for which we have K u may be extended as 
above, and the result will be a K in a £t, u i which will have the same combina- 
tion of properties as the K in £l IT ». A review of the above examples will reveal 
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the fact that in all cases in which we have K 3 ~ 4 , we have A"* identically. Hence 
this mode of extension will apply to all of the above systems excepting eleven, 
for which we have A 34 . 

(/?) A similar scheme enables us to pass from D n « to C m . Suppose £l m 

to consist of the elements: q lf . . . . , q k , We put q k in correspondence 

with q' k , if k=(k' — l) mod n. Then if we define our A'- relation as in (a), we 
shall have the same results. 

(y) As for passing from D n » to £l IV , where £ IV is a class of the non- 
denumerably infinite type, which is of the same power as the continuum, the in- 
terval <x < 1. Let us suppose that our elements are q x , where <x < 1 ; i.e., 

® IV =[q x ; <35<1]. 
To set up a correspondence with D n », divide the interval <x< 1 into n equal 
parts and set 

q x into correspondence with q{ if <C ^ = — 

and 

1 



q x into correspondence with ^ if < x < 



n 



If we define our A-relation as in (a), the same results will also hold. 
{h) Finally, to extend G ra to £ IV , set 

q x into correspondence with q' n if ~tm=t S x ^-yn> 

and 

q into correspondence with q[. 

This produces results similar to the above. 

We have thus shown that it is possible to obtain all but eleven of the above 
combinations of properties in C m and Q lv . It remains to consider these. We 
discuss each of these cases separately. 

1. +H — | — | — | — | — h +• In any class let K qmm hold for every m if 
g 2 = q 2> and for m < m t if qi^q 2 . 

2. -1 — | — \- -\ . This occurs for the first time in £i m . So we 

need consider it only for £l Iv . Supposing the elements of £, IV to be q x , we define 
our A as follows : 

^x»(»i), ^« r m hold for m < 2, x u x 2 =fc or 1; 
K i x %™ K %« x ™> K * x v K « A ™> for m<m u where ^<x. 
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3. h + + + + + + • We suppose that in any class K qiq%m holds for 

every m if q 1 = q 2 , and for m > m^ if q 1 =£ q 2 . 

4. I- + H . In any class select three elements, and for 

these define the iT-relations as given in ir 3 . For all other elements let K mm 
hold for every m if q x — q 2) and for m > m 1 if q 1 =f=q 2 . 

5. -\ 1- + + + + +. Let K mim hold for every m if q l = q 2 , and for 

wirgmj for qi=f=q 2 , excepting q' and q": K qlq „ m for rn<m z <^m 1 . 

6. H 1 — | — | . We need consider only £i Iv . The method of 

constructing a if-relation from the one holding in C m is similar to that used 
in 2. This holds also of 

7. + — ++ . 

12. (- + + + + +. Proceed as in 5, substituting > for <\ 

13. r- + H K Let K q , q „ m hold for every m if q' = q". Let 

K q q m hold for m odd if i >/ or x 1 > x 2 , and for m even if i<y or x x < jc 2 . 

We have in this case ty h m = wj, and qp m = m + 1- 

14. h + H . Suppose K qlq „ m holds for every w? if 5' = ?", and 

^ 8 . j. m holds for m>^m 1 if i>/ or £Cj>-x 2 , and for m < »jj if i<y and 

^i <C x 2 • We have <|4 = m. 

15. 1 — I . Proceed as in 4 above. 

We have thus completed the study of the complete existential theory of our 
eight properties, and have shown that with the exception of the propositions of 
§ 5, there exist no further relations between the properties in question. 

While we do not have the entire set of properties completely independent, 
certain combinations of them are. For instance : (l), (2), (3), (4), (5) form a 
set of properties, which include all of the rest, and are completely independent.* 
A further set of completely independent properties is (1), (3), (6), (7). This set 
of properties is not quite as strong as the above. For if we have K 123i5 , we have 
also K m , while if we have K m \ we have only in addition K 5S , and not neces- 
sarily K 2 or if 4 .t There are a number of other interesting combinations of 
properties, but they are equivalent to these two, or to the combination K im . 

*In so far as Frechet assumes the properties (2), (8), (4), (5) as properties of the d, and a system (Q • d 2S4S ) 
is a system (C ; K 2Sm ), we have shown incidentally that he has chosen a set of completely independent and 
consistent properties. 

tin the next part we shall show that a E vm is sufficient for the Frechet rf-theory. We have thus a 
weaker set of properties than those assumed by Frechet. 
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II. 

Properties of Subclasses di of the Class Q of a System (O ; K) and of 

Continuous Functions on di to St. 

We have been considering systems (Q ; L), and (C ; K), and have in par- 
ticular discussed properties of L and the iT-relation. We now turn our atten- 
tion to the properties of the class Q, considering in particular subclasses* 91 of £}, 
and real-valued continuous functions on di. 

We show in § 13 that it is not possible to obtain some theorems of the 
theory of point sets, relative to di of systems (£}; L), even though we suppose 
that L has all of the properties of § 3. Hence the treatment of subclasses di of 
classes £} is confined mostly to systems (£}; K). However, a theory of sequen- 
tially continuous functions is obtainable in a system (O; L). A theory of differ- 
ence continuous functions can be derived in a system (£} ; K). These are taken 
up in §§ 18 ff. 

The theorems derived are in the main the theorems of Frechet. However, 
instead of permanently conditioning the L and the K in the systems (O ; L) and 
(£1;j5T), we have preferred to indicate in each case the precise properties of 
L or K, sufficient to carry the argument. In this way it appears that it is not 
necessary to condition the L for the theorems on continuous functions. Further, 
that a iT-relation having the properties (1), (3), (6), (7), of §4, is sufficient for 
all the theorems, and in some cases even weaker conditions on the K will do. 
It will be noticed that the symmetry property (2) and the property (4) do not 
occur. The former is really a matter of convenience. It is avoided by the use 
of properties K m , which combination we have seen is weaker than K m , the 
combination it replaces. Property (4) serves to avoid the separate consideration 
of the limit of a sequence which consists of a finite number of elements only. 
Its presence as a condition restricts the generality of the theorems. We have 
therefore preferred to gain in generality at the expense of convenience, 
replacing the property (2) by a weaker combination, and taking up a more 
detailed discussion, if necessary, instead of using the property (4). 

We take up first a consideration of the definitions of properties of the 
classes Di in a system (£l; L), and the modification of these definitions in case we 
are operating in a system (G ; K), passing thence to the consideration of sub- 

* We shall suppose that |R denotes a subclass of O throughout this part. 
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classes dl of £t in systems (£t; L) and (Q ; K), and the question of continuous 
functions of 8* of (Q ; L) and (£ ; iT). 

10. Definitions* Suppose @ a subclass of 9t. Then we have : 

(1) g- is a limiting element of 9?, if it is the limit of a sequence of distinct 
elements of the class dl.f We denote limiting elements of dl by r'. 

(2) The derived class W of 3t is the class which consists of all of the limiting 
elements of the class dl, i. e., we have 3t'= [all r']. 

(3) dl is closed if it contains its derived class dl', i. e., if 3t m . 

(4) dl is dense in itself if its derived class contains it, i. e., if dW. 

(5) dl is perfect if it is identical with its derived class, i. e., if 9{ = ffl. 

(6) 3? is compact if every denumerable infinitude of elements of dl gives rise 
to at least one limiting element. J 

(7) dl is extremal if it is compact and closed. 

(8) q is an element of condensation ofdl if it is a limiting element of any sub- 
class of dl obtained by removing a denumerable infinitude of elements from dl. 
We denote an element of condensation by r < . Evidently a class 9t has an 
element of condensation only if it is non-denumerable. 

(9) dl is condensed if every non-denumerable set of its elements gives rise to 
an element of condensation.^ 

(10) An element q is interior to © relative to dl\\ if q is an element of <S, and 
every sequence of dl which has q as a limit ultimately belongs to ©.^j" In 
symbols : 

q interior @(3» = ? <S . Lr n = q -D • 3 % 3 U > «-, -D • rf. 

» 

*Cf. Frgchet, Zoe. cit., p. 6. 

fOf course if the limit relation L is such that no sequence with all of its elements distinct has a limit, 
there will be no limiting elements. A similar statement holds relative to compact classes below. 

% Accordingly every finite class is compact, for the definitional condition is satisfied vacuously, its 
hypothesis being incapable of fulfillment in a finite class. Cf. Moore, Trans. Amer. Math. Soc, III, 489. 

§In accordance with the foot-note to (6) above, 3} is condensed if it is denumerable; namely, in the 
vacuous sense. 

|| Denoted by g Interior <S(3tt cf re i a tivity notation of Moore, loe. cit., pp. 27 ft*. 

If Frechet speaks of interiority in the strict sense. His definition reads : 

g interiorS(8» = g @ . ^ ^ y distinct 3 ir .„ = q . -, . r JS , 

n 
This is evidently not what he means. Judging by the use made of the notion on p. 23, he assumes that he has 
defined interiority : 

interior <3(3» = ? S . •{ r. }• ai * tiact 3 Lr n = q . 3 . 3 n x 3 n > «, . 3 . r„®. 

n 
Our definition is, as is easily evident, equivalent to this one if we assume the L to have the properties used 
by Frechet, viz., Z 126 . 
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11. Two Propositions. For an L K defined relative to a K 1 , we secure, as 
follows, a desirable transformation of the definition of interiority :* 

(1) K 1 •: D :• 8 «nteriore<s» : D : 3 m 3 (r 3 K rsmo . D • r s ). 
As a converse of (1) we have : 

(2) K • * s •: d :• 3 m 3 (r 3 K rsrH . d . r s ) : D : s in te™ r ®w. 
Joining these two propositions into a single equivalence we have :f 

(3) K 1 • S® • ©* -:D :• S interior©(8W ; C/} : 3 m„ 3 (r 3 jff^ • D • r @ ). 

We prove (1) first. If possible, suppose the proposition were not holding. 
Then we have : 

m • D • 3 r m 3 X„.» • r~ @ . 

Then evidently by § 7 (4): Lr m = s, and since s interlor @<3» } we have: 

3 m 1 3 m>m 1 • D • r® . 

We have thus reached a contradiction, and our proposition therefore holds. 
As for (2) suppose Lr n = s ; i. e., 

n 

m • D • 3 n m 3 « > rc m • D • I" v „. 

If, in particular, we take m = m , we shall have by the hypothesis of (2) : 

n > 7> • 3 • r® 

Hence s satisfies the conditions of interiority. 

If we have K 1 , we can define a concept analogous to that of the bounded 
point set, viz. limited. We define : J 

3t Hmitea = 2t 3 (3 m 3 r lf r 2 O • K r ^ m ). 
The property limited is related to the property compact as follows: § 
(4) K" • di : D : M compact . D • 3i limited . 

*The .ST-relation having the property (1), if an element s of a subclass © of the subclass JR of C is interior 
to © with respect to 9J, then there exists an m such that every element r in the relation -£~ rsmo belongs to <g. 
The analogous proposition holds for the weaker interiority defined by Frechet, if the JT-re] ation has the 
property (3). 

■f A similar result holds in a system (Q ; 6), 6 unconditioned: 

<i .©9t. s© -:3:- s interior @(8i) . ^ . 3a3 g n < a . D . r S. 

In this form we have a conception of interiority which is analogous to the one of the linear point set theory. 
% SR is limited, if there exists an m such that for every pair of elements r 1 and i: z of the class 3t, we have 



K, 



r,r 2 m ■ 

§Cf. Frechet, loc. cit., p. 22. 
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If possible, suppose it were not so. Then 

- m • D • 3 r lm . r 2m 3 ~K lm r Zm{ - m )- 

There are then four possibilities : (a) The sequences r lm and r 2m each contain 
only a finite number of distinct elements, (b) The sequence r ]m contains only a 
finite number of distinct elements, while the sequence r 2m contains an infinitude 
of distinct elements, (c) The sequence r lm contains an infinitude of distinct 
elements, while the sequence r 2m contains only a finite, number of distinct ele- 
ments, (d) Each sequence contains an infinitude of distinct elements. In case 
(a), there will be a certain pair of elements r lf r % which will have like subscripts 
infinitely often. We argue a contradiction by considering that there exists an 
m such that K rir2 „ H .. In case (b), so far as it is not covered by (a), we can show 
the existence of a set of integers m n such that r Zm are all distinct and L r Zm ^=q, 

while r lm = r x for every n. Then, since (Q. ; K) is a system, 

3 w 3 K riqnh . 
Further we have : 



n 





m • D • 3n ma 3 n>n ma • D • 


Then, since K n , 






^Vam/V l ' e -> Kr lm n r Zm, 



2», 



«i 



Qm Q " 



By taking n> n mo and — w n < ^ o , we obtain a contradiction. Similarly for (c). 
As for case (d), so far as it is not covered by the preceding cases, we can obtain 
two sequences \r lm J and \r Zm J, each consisting of distinct elements, and 
further, since Jt com P act ( i n such a way that : 

3 {qi, 9e) 3 Lr im n = 9i and Lr Zm = g z . 

n n 

Since we have a system (O ; K), we have : 

3 m 3 K U2mo . 
Also since Lr Zm = q z : 

n n 

m • D • 3 < 3 n > nii a • D • K 

* n g 2 m 

Applying K" 1 to these two if-relations there results: 

Kr Zm*^m - 
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From L r, m = o, it follows : 

n " 

4>L • D • 3 < 3 n > < • D • K r q ^ n 



»'o 



And hence 



Kr ^n r ^n ¥ ^ m ; 



Hence, taking an integer n exceeding n' mo and n' n ' l(j , and also such that 
— m n <C 4**' > we obtain the desired contradiction. 

12. Propositions on Compact Classes in (Q; i). We have as an immediate 
consequence of the definition of compact classes the propositions:* 

(1) The sum of a finite number of compact classes is compact. 

(2) Any subclass of a compact class is compact. 

(3) If every subclass of a class is compact, then the class is compact. The last 
two propositions might be joined into one : 

(4} ^compact . jyrj . jgsft • 3 • JJ c ° m Pact 

(5)f L 3 • dt 00m ^ ct • dl n e di^fn • 01 re clo9ed ' nonvaouou9(n) O • 3 r3r m n w . 

The proof is identically the one given by Frechet, loc. cit., p. 7. 

13. On Derived Classes in a System (O; L). It is not possible to obtain, 
even though we suppose that the limit relation has all of the properties of §3, 
i. e., L mm , the theorem that the derived set of a given set is closed, or, in class 
terminology, that the derived class of every subclass of £i is closed. This may 
be shown by the following example : J 

We suppose the class £l to consist of the following elements, all of which 
are supposed distinct : \qi n \, \qi\, q (I, n = 1, 2, . . . ., oo ). The complete table 
for the limit L in this class is specified as follows : 

(a) A sequence {q^n}, where ? is fixed, taken in any order, or any subse- 
quence of such a sequence, or any sequence obtained by prefixing a finite 
number of elements of the class, shall have as limit q lo . (b) A sequence 
{qi\, taken in any order, or any subsequence of such a sequence, or any 
sequence obtained by prefixing a finite number of elements, shall have as 
limit q . (c) Any identity sequence, or any sequence, which after a certain 

*Cf. Frechet, loc. cit., p. 7. Notice, however, that there is no condition on L. 

+ If L has the property (3), and 9{ is compact, if, further, we have a sequence of subclasses of 5R, each of 
which is closed, contained in the preceding and containing at least one element, then there is an element com- 
mon to all of these classes. 

\ The example given is a modification of the example given by Hahn, Monatshefte Vol. XIX, p. 248, so as 
to include the properties 4, 5, of L. 

34 
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term consists of one element repeated, shall have the repeated element as 
limit. No other sequences shall have limits. Such a limit is evidently 
an L imm . Consider now 3t = foj. Then W= [q{], and di"—q , so that dl" 
is not closed. This is due to the fact that the above properties are not 
sufficient to secure q as the limit of some sequence built up of elements taken 
from [<2j n ] only. The connection between the class 91' and the class di as given 
by these properties of limit is not sufficiently close. We therefore need a weaker 
system if we desire to have this as a theorem. We obtain this in systems 
(£l ; K), the K being suitably conditioned. 

14. Relative to Derived Classes in Systems (£t ; K). We have the theorem:* 

K lb :D: 3t -D • dl' olOBei . 

Suppose 

Lr' n =r" and Lr nl — r' n , 

n I 

where the r' n are all distinct, and the r nX are distinct for every n. Then we have 
by the definition of limit : 

m • D • 3 n m 3 K r , r „ m 

m 

andf 






■n 1 ' n ' 



Then by the fact that 2T has the property (5) we have 



r n 1 r '' * S «! ' 



and so by §7 (4): Lr n z =r", i.e., r" w and therefore di" w . 

15. On Compact Classes and Their Derivatives in Systems (£} ; K). We 
have : $ 

/i\ 7JT 16 • 3 • «} compact . ^ . W compact 

We need consider only the case in which dV contains an infinitude of elements. 

*Cf. Frechet, loc. cit., p. 18. 

•(•There exists a sequence of I, l m , such that the elements of the sequence r n % are all distinct, and 
■Kr- 7 r'« m- The distinctness of the elements r n ^ i can be argued by a step-by-step process from the 
fact that the elements of the sequences r n i are distinct for every n. 

JCf. Frechet, Rend, di Pal., XXX, p. 4. Also for (6) and (7) below. 
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Suppose then that [r^] is a denumerable infinitude of distinct elements of the 
class 9V. Then on account of the definition of 91' we have: 

n O. 3 \r nl \ aistiaot BLr nl = r' n . 
Then by the definition of limit, 

3^Kr ,Hnot and tf^.. 

Since 91 is compact, there will be a subsequence of \r nln \, \r n J, and an element 

r 1 such that 

L r = ?■' 

* * 
Then 



But K. _/ „ and so if JT 1 : 

»* »* * 

to • D • 3 h' m 3 h > k' m • D • K r r , m . 

n k n k 

Applying the fact that K s , there results : 

h>k m and k>h' m «D • K r , r ,^ . 

Hence by § 7 (4) we have : 

Lr 1 =: r' 

7 m * 

This shows that there exists a limiting element for [r£], *. e., 91' is compact. 
We have as immediate corollaries : 

/o\ /T 156 * ~"D • ^ oom P act . 3 . 91' extremal 

/o\ 1^166 «3« ^compact . ^ . (91 4- 91'") extremal . 

A theorem relating to the class 91 itself is the following : * 

ia\ J£"1367 «3« ^jcompact # ^ . r g 3 g m, — SRH denumerable 

Suppose s m ' ~ n '. Then f 

m s = B(m3 K r , sm \r m ') 

exists and is finite. For if it were not finite, we should have either : (a) By K 1 

*If JThas the properties (1), (3), (6), and (7), and 31 is compact, then the class of elements consisting of 
elements of 81 which are not limiting elements of 3} is denumerable. Cf. Frechet, loo. cit., p. 20. 

\m is the least upper bound of the values of m for which -2" r , gm holds, r' ranging over the class 3}'. 
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there would exist an r' such that K r , m (to), in which case s = r', if K 3 , which 
evidently is contradictory to the hypothesis relative to s ; or (b) 

3)J I distinct 3 TT 

But then by § 7 (4) we should have Lr' m = s. If then K 16 , we have by § 15 s m ', 

which again is contradictory to the hypothesis. 
"We have further : 

to • D • 3 finite number of s such that to 8 = m. 

If not, let there be an infinitude for to . Since 91 is compact, there exists a 
limiting element for a sequence of these values. Let \s n \ be the sequence, and 
r' Q the limiting element. Then 

to • D • 3 n m 3 n > n m • D • K n r' m • 

Now by § 5 (l), if K m , we have : K r , g $> . To obtain a contradiction, choose to 
so that 4>L> m o- Since, then, there exist only a finite number of s such that 
to s = to, the class [s] is evidently denumerable. 
As an immediate corollary we have : 

/c\ E""1367 . ^ • «} compact # 0}/ denumerable . ^ . 5JJ denumerable 

(6) ^ 17 :D: ^mpact . 3t m= [ r 3 ( ri> r ^ m . D . —K nr2m -\ -D • 3i« nite . 
Suppose if possible 3? mi not finite. Then 

3 \r u \ m »H a Lr n — q. 

n 

Then 
Then 

If we choose to so that q> m > to 1; we have a contradiction. Hence 



to • D • tft,„ 



finite 



/»\ 7Z17 »3« ffjeompact . 3 . "3 gdenumerable 3 gJ@+S'_ 

The proof of this is as in Frechet : Rendiconti di Palermo, XXX, § 5, pp. 3 and 4. 
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16. Classes of Elements of Condensation. Denote the class of elements of 
condensation of M, by Di\ i. e., dl K — [r v ]. Then we have: 
(I) A 15 • 91 -D • 9* <closed 

This is an immediate consequence of § 15.* 

/o\ J7"1367 . -j • SOoondensed .3 . 5JJV dense in itself 

Let r v be any element of 9t\ Then let 

Every element of the class 91 excepting ^ will be in a uniquely determined 
class 9? m . For otherwise we should have K rr . m (m), and then by A 8 r = r\ 
There will be an infinitude of non-denumerable classes in the set di. If not, 
then : 

But, by removing the denumerable class of elements consisting of the elements 
in the classes 9t m for m>m 1 , we obtain a class of which r K is not a limiting 
element, which would be contrary to the hypothesis, that r v is an element of 
condensation of the class. Denote by dl m the classes of [Dt„J which are non- 
denumerable. Then : 

^condensed . -j . g r < elements of condensation of di m . 

There are two possibilities: (a) the sequence {^m [ contains only a finite num- 
ber of distinct elements, and (b) the sequence \ r K m } contains an infinitude of 
distinct elements. Suppose if possible (a), and let r\ be an element infinitely 

repeated, i. e., 

r\ = r\ n (ft). 

n k 

We shall have : 

3 \r m A m m 3 Lr = r K m == r\. 

' V ' "* l m n k l n k 

Then 

to O • 3L 3 l>l m • D • A' r>l , 

which holds in particular for to = m, lfc (ft). Also by hypothesis : 

m n k l "k 

* Cf. Frechet, loc. cit., p. 19. It may be remarked that Frechet really proves: If (O; K) is such that the 
derived class of every subclass of £) is closed, then the class of elements of condensation of any subclass of Q 
is also closed. 
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Hence by K 6 we have : 

"k 

This will be holding for every h, and hence by § 7 (5) and K 3 we have 

r v = r\ 
But by the above we then have : 

which is contradictory to the definition of di m , Hence case (a) can not occur. 

We are thus led to the result that we have (b), i. e., that there is an infinitude 
of distinct elements in the sequence \r K m \. Let r K m be this infinitude. Then 
for every Tc 

i V V 

where r m l is composed of distinct elements of £ft m . Then 

n k n k 

m O • 3l m 3l>l m • D • K v m . 

"V m »k 

This holds in particular for m = m n (&). Moreover, for every h : 

m n k i n k 

Hence by K n : 

^k "V 

and by § 7 (4) : 

Lr\ = r\ 

k n k 

Since r v was any element of 3t^, this proves that 9t v is dense in itself. 
We have the following corollary : 

/o\ 7?" 1367 • "^ • SWcondensed . ^ . 5)}<perfeot 

By a method similar to § 15 (4) it can be shown that : 

(a\ JP13S7 . ^ . (^condensed # — j . |"„ 3 „at, — 3T~] denumerable 

17. Heine Borel Theorems. 

17a. Heine Borel Property. Suppose a class of classes <S, in notation [©]. 
We consider a unipartite property P of such classes [©], the notation [S] p , 
denoting that the class [©] has the property. 
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Every property P determines a derived property, likewise of classes [©], 
the Heine Borel Property with respect to the property P, in notation H-B(P). 
A class [®] has the property H-B(P) in case there exists a finite subclass 
[®j, <5 a , . . . ■ , S„] of [©], which has the property P, in symbols: 

[@]™> = [@] s ([©]* • 3 [@i, ©,,..•• , @ W ] [S] • p ). 
17b. This Heine Borel Property occurs in the theory of linear point sets in 
the case where the class of classes consists of a set of closed intervals, and where 
the property P is that every point of a given interval lies within one of the 
intervals of the set. We shall be concerned with the Heine Borel Property 
relative to classes @ of elements s, where the pi'operty P is that every element 
of a given class 9t is interior to some class © of the class of classes [©] relative 
to 91. We shall denote this property by /(9t), in symbols : 

91 • ftS] 7 ™ = r 8 * • ID • 3 © CS1 3 j-interior <S(S»_ 

We then have the following theorem : * 

(l) K 1& • JJ extremal ; Z) J ["©"I 7 ®" • denumerable |~(g "j . 3 . Hg ~\1I-B(I) ^ 

Suppose that the theorem does not hold. Then there will be an r lt which 
will not be interior to l S 1 relative to 9c. Let @ Bi be the first class of [S.„] to 
which i\ is interior. Then there will exist an r 2 not interior to <2 lf . . . ., < S„ l) 
but interior to @„ . Proceeding in this manner, we obtain in the general case an 
element r x not interior to <B lt @ s , . . . ., © ( , tl) , but interior to @„ . By way of 
contradiction we shall show that there exists a subsequence \r x \ of \r t \, which 
ultimately consists of elements which are interior to a single class of the set [<£„]. 
Since 9t is extremal, we have : 

3 \n k \ of \rt\ 3 Lr lk = r . 

Now r will be interior to some class <S of the class [©„], let us say (S i . We 
then have by § 1 1 (l) : 

K 1 -ID • 3 m 3 K rromo -3 • r®<. 
Now since Lr l =■ r : 

k k 

m • 3 • 3 k m 3 h > 7c m • 3 • K r ram . 

l k 



*Cf. Frechet, loc. cit., p. 22. E. R. Hedrick (.Trans. Amer. Math. Soc, XII, 285.) lias recently shown that 
It is sufficient to replace the hypothesis JT 15 by the hypothesis that the derived class of any subclass of O 
is closed. He supposes a (Q ; L), the L being the one of Frechet, an 7y 12 «. It is easily shown that an £ 3 Is 
sufficient. To be sure, the hypothesis that the derived class of any subclass of Q be closed probably acts in a 
restrictive way on the L. What this restriction is does not seem to have been as yet determined. 
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If in particular we take m = m , we have: 

To obtain r z interior to <Si(^), suppose 

{»•«*} 3 Lr nk = r l . 

n * 

Then 

w • D • 3n mk 3n>n mk . D • JT Wr m , 

and so if JT 5 : 

&>& m and w>« mfc O • K nk r^ m - 

If then we take m 1 so that 4> mi > m , we shall actually have : 

k>h mi and n>n mjc O • r„f«, 

that is, if h exceeds Jc ma and k mi , r, will be interior to <B t relative to JR, which is 
the desired contradiction. 

17c. Separability.* di is separable relative to £l if there exists a denumer- 
able subclass of £} which together with its derivative contains the class 9t, 
symbolically : 

inseparable (O) z=. "3 <J)denumerable 3 S»®+®' 

We have a special case of this when the class 9? is the class £i itself. In so far as 
the derived class of a subclass of £1 can not contain any elements not belonging 
to D,, we must have, in this case, 

^separable (Q) z=. "3 <T)denumerable a .O <T\ _1_ <JV 

The property separable is thus a bipartite property relating to the classes 9? 
and £}. From this bipartite property we derive the property of separability of 
£}, i. e., we have : 

f\ separable ^ xr\ separable (D) 

We have the following propositions : 

/i\ ^separable »3» S)?Q . ^ . ^separable (Q) 

/•o~\ SfiO .3 . ^separable (O) »^» £~\ separable 

(•q\ .fiT 18 '3* J^ se P ara Me (Q) .3 . 9*' separable (Q) 

/^\ ^£"15 .^. ^separable (jQ) # ^ m (SJJ 1 inseparable (Q) 

/k^ ^separable (3i) .3 . ^separable (Q) 

/g\ ^"11 j^j ^compact .3 . ^separable (DH # ^ . ^separable (O) Qf §15(7) 



* Cf. Frechet, loc. cit., p. 23. The definition of separability given by Frechet is : 

^separable — g mdenumerable 3 r\ = <jy. 
It is easily seen that our definition is somewhat weaker. 
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17d. Generalization of the Theorem of Cauchy* The class SK has a generali- 
zation of the Theorem of Cauchy relative to the class Q if, for every sequence 
r n of 9i, which is such that for every n there exists an n m such that, if n x and n z 
exceed n m , we have K r r m , then there exists an element q, which is the limit 
of the sequence r n . In notation: 

dt GC ^=\r n \ 3 m O- 3n m a n n \>n m :D: K Tn r n m "'^-' 3q^Lr n = q, 

where dt OC(n) denotes the fact that 31 has a generalization of the theorem of 
Cauchy relative to £1. It is possible to replace the class dl by the class £l, and 
thus obtain £l GC(fa> , or simply Q GC . "We have at once : 

(i) a GC o • 3t GaQ) . 

(2) ^{compact . ^ . g:fGC(Q)_ 

17e. We define finally a property D m -f of a class of classes [X], relative to di. 
The classes [%] have the property D m relative to dl, if every element r of the 
class 3t belongs to at least one class of the set [%], and if r x and r z belong to the 
same %, then K r ^ m . Symbolically : 

[£]**«» = (a) r O • 3 £,. K] 3 rV (b) (r lf r 2 f O • K T ^ m . 

We have the following lemmas relative to the property D m : 

(l) K m :D: dt • m o • 3 [X m ] D » (TO . 

Suppose m such that m >m, <Pm >m, and ^„ >w. Let 

~»ir, == L r 3 -Krnmo ' r oJ • 

Evidently every element r will belong to at least one % mr . Further, if of a pair 
of elements r x and r 2 belonging to the same % mro , one of them is r , we shall 
evidently have K r%rom and K r ^ m , since m >m, and <p 9 mil >m. In the general 
case we obtain from K 1 and from K rirom<) and K r ^ ma : K nr . 2in . Hence we have 

We are, however, interested more especially in the case in which for every 
m it is possible to find a class [X] 2> m (3J) which is denumerable or even finite. 
We have : 

(2) K m • Separable (Q) :D: M O • 3 \% mn Y™ m ' m \ 

*Cf. Freshet, loc. cit., p. S3. 

til «., Development, or division. Cf. Frechet, p. 25, f. 

35 
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On account of the separability of fft relative to O, let S5 = [g-„] 3 9i®+®'. Sup- 
pose further 

to 3 m > m, and 4>^ o > m. 

Then set 

Evidently 

r • D • 3 n r 3 r n r . 

Further, suppose (r lt r 2 ) % mn. Then using K 1 we obtain, from K Q nTOo and K q r0nij , 
K r^ m , and so K rw Hence [S mn ] D » (9l) . 

As for the result [% mn ] im , there evidently exists 

TO o 3 $L'„ ^ m o and m o = Wo- 
lf now Lri = r, we have : 

Also, on account of the separability of 91, we have either : 

r O • 3 <? nr 3 iT^ rm , o ; 
and hence, if we apply iT 7 , there result K g rmo and ^ e rmo , t. e., by the definition 
of £ m „ and the definition of interiority, 

r interior3; m ^(SK). 

or r = q n , in which case the interiority is immediate. We therefore have : 

L~mnJ 

As for pf]- "!^ and finite, we have : 

(3) K™ • 9t<— * : D : 3 [2 ml> % m2 , . . . . , 2 m „] D » (3i) • ™. 

Since the class 91 is compact, we have by § 15 (3) the class (9t + di') extremal. 
Since further, by § 17c (6), from (91 + 3r) compaot we obtain (31 + 3t') separable (D) , we 
can determine by (2) above : 

[£«„'] Z> » (9t+Jr) * m+m , n' = 1, 2, 3, 

But by § 17b, («R + ^'^tremal . m .3. 3 p^JWHff) . D • [S^™™* . 

i. e., there exists a finite set of classes \_% mn t] m+m - Evidently this set is such 
that [£ mfl ] I V»> • **\ 
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The following converse of this lemma holds :* 

(4) K 1 • m GC ^ :D: m . 3 • 3 [% ml , , S fflB ] D » (S) -:3:- gi°ompaot. 

17f. Heine Borel Theorem in the Non-denumerable Case. We are now in 
position to prove the Heine Borel Theorem in the case in which the given 
jjgyot) i s non-denumerable. We have the theorem :•}• 

(l) dl • K m :ZD: 3t ertremal • [©] /(TO .3 • [©]*-*<'>. 

By §17e(3) we have: 

Sftextremal . m . 3 . g ["g^-] finite . £> m (3l)_ 

If the theorem is not true, then for every m it is not true for one of the finite 
set of classes [£„J , i. e. : 

m • 3 • 3 £ 0TO 3 [©J-^wWomW. 

We argue a contradiction by showing that there exists an <S of the class [©], 
such that every element of each class of a subclass of [£ 0m ,|m] : p£ 0m , |w], is 
interior to <S (9t). If r TO be any element of £ 0m , we obtain a sequence \r m \. 
There are two possibilities : (a) there is one element repeated infinitely often 
in the sequence, and (b) no element is repeated infinitely often. 

(a) If possible, suppose one element is repeated infinitely often ; i. e., let 

r = r mn (n). 
Then 

q g j j, interior @ (9l) < 

Then by §11 (1) 

K 1 • Z> • 3 m 3 (r 3 K rrom J • 3 • r®°. 

Let r^w' be any element of % m . Then : 

Suppose, further, that Lr l -=- r (m n>. Then 

i 

w • 3 • 3 l m 3 l>! m . Z> • JT rir (m n ) TO . 
This will hold in particular for w = m n , and so we have by K 5 for every n : 

*For proof see Frechet, loc. cit., p. 25. Note the weaker hypothesis here. 
•j-Cf. Frechet, loc. cit., p. 26. 
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If now we choose n so that 

n>n O • m n >m . qk n >m , 
we shall have 

r (m n ) Interior to ^ (JH)^ 

Hence we have the desired contradiction in this case. 

(b) No element of the sequence \r m \ is repeated infinitely often. Then, on 
account of the extremality of the class 9?, 

3 \r m J, r 3 Lr =r . 

n n n 

The argument then proceeds very much as in case (a). 

We have the following converse of this important theorem : 

(2) K m -:D:- St- [S] m) O • [©]*-*« :D: 3l extremal 

(a) di is closed. Suppose it were not. Then 

3 \r n \ 3 Lr n = q - q~ m . 

n 

Let 
Then 

r -D • 3 TO 3 r ioterior@ m <9t) # 

For if not : 

3 \r t \ 3 (Lr l = r . m -D • 3 ? m a ?> Z m • D • /T^J. 

But then by definition of limit: 

Lr l = q. 

If now K im , then by § 7 (3), limit is unique, and since q~ m we have a contra- 
diction. Evidently a finite number of the classes <S will contain only a finite 
number of elements of the sequence r n , and so 

(b) 9t is compact. If not, then there exists a sequence of distinct elements 
\r n \ without a limiting element. Then 

r=f=r n • D • 3 ,u r > B(m s K vm \n) 

r^r^.-D • 3 ^ > B(m 3 JT r ^ m I n =f= n ). 
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If K 13 , this u will be finite for every r. Let 

@r = [r 3 K rro ^ • r ]. 
Then evidently 

r interior @ r|) (9i) 

But no @ ro contains two elements of the sequence r n , and so 

The proofs of these theorems are sufficient to indicate the method of attack 
in case we are operating with a K having the properties (1), (3), (6), (7). In 
the theorems of Frechet not taken up here, there is little difficulty in showing 
that such a iTis sufficient. Instead of following up the matter of the properties 
of subclasses 3t of £* of systems (£} ; K) further, we turn our attention briefly to 
continuous functions on subclasses 9t of systems (£} ; L) and (£} ; K). 

Continuous Functions on Subclasses dl of Systems (£i;L). §§18-20. 

18. Functions of Subclasses Dt of O to the Class of real Numbers 21. 
Sequential Continuity. By a function on a subclass dl of £l to the class of real 
numbers 21, we mean a correspondence between elements of the class 9? and real 
numbers 21 such that to every element of the class 31 there corresponds at least 
one real number. If this function or .correspondence be denoted by n, our 
definition might be stated symbolically : 

1 st • D • 3a m 3 (i r = a. 

We shall suppose, in particular, that we are dealing only with single-valued 

functions. 

If (i is a function on the class dl to 21, we say that (i is continuous at the 

element r in case 

Lr n — r O • Lu r =fi r) 

n n n 

where the first limit is an L* the second a real-number limit. 

{i is said to be continuous on dt to 21, if it is continuous for every element 
r of 3i. 

* If L is not unique, i. «., Lr n =r and Lr n = r', and ft is continuous, then we must of course have l u r = / u r '. 
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19. Bounded Properties of Continuous Functions* We have the following 
theorem : f 

( ! ) ^continuous on ^extremal to % ^ 3 (b, B) 3 b < (l r < B (r*). 

We show that there exists an upper bound B, the lower bound being shown 
to exist in a similar manner. Suppose, if possible, that no upper bound exists. 
Then 

n • D • 3 r n a (i r > n. 

Since (i is defined for every r, the sequence {r n \ cannot contain an element 
infinitely repeated. Then since 9? is extremal we have: 

3 |r„} distinct . r3Lr n =r. 

Now since p is continuous on 51, it will be continuous at r, and so we have : 

L t*r H = l i r- 

I n l 

But by the hypothesis on r n we would have : 

L(l =00. 

i "i 
We have thus reached a contradiction. 

If we denote by b and B the greatest lower and least upper bounds, 
respectively, of ft on di, we have : J 

(2) ^continuous on 8^™ to a .-, . 3 (^ ftnd ^ , ^ _ ftj ^ = R 

We show that 

3 r 2 3 (i r2 = B. 
Suppose it were not so. Then 

n • D • 3 r„ 3 B > u r > B — 1 In. 

The sequence \r n \ will again involve an infinitude of distinct elements, and thus 
using the condition that the class di is extremal we obtain : 

3 \r„\ aiBtiDCt . r3 Lr n =r. 

* We consider here a number of the more important theorems of Frechet (loc. eit., pp. 8-15), to show the 
method of reasoning when we suppose L unconditioned. The theorems not taken up are also holding in the 
general (O; L) situation ; as a matter of fact, the proofs of Frechet, when used with some care, will give the 
desired results. 

t If fi is continuous on an extremal subclass 3?, then it is bounded on 8J. Cf. Frechet, loc. eit., p. 8. 

X Cf. Frechet, loc. eit., p. 8. 
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Then on account of the continuity of fi : 

But by the construction of \r n \: 

i ^ n i 
Hence fi r = B. Similarly we show that : 

3 n 3 (i ri — b. 

20. Sequences of Continuous Functions. We define uniformity and quasi- 
uniformity of convergence of sequences first. Suppose a sequence of functions 
\{i n \ each on di to 21, converging to a function ft on 3i to 21, i. e., 

n 

or r • e . 3 • 3 n er a n > n er • D • | fi nr — fi r \<e. 

We say that the convergence is uniform on di if 

e «3 • 3 n e 3 n>n e «3 • \(i nr — /u r |<e, 

for every r m . It evidently differs from the simple convergence in that the n e 
does not depend upon the elements r. The convergence is said to be quasi- 
uniform, if 

e • I :D: 3? e! 3rO. 3 n erl 3 (l<n erl <l el • \l*n erl r — Hr I S e). 

Quasi-uniformity of convergence does not insure the convergence of a sequence. 
The convergence must be assumed separately if desired. 

The subject of uniformity and quasi-uniformity is of importance in the con- 
vergence of a sequence of continuous functions to a continuous function. We 
have the following well-known theorem : 

(1) A uniformly convergent sequence of continuous functions converges to a con- 
tinuous function. 

The hypothesis of the following theorem is, however, less exacting, and 
hence it covers the former also : * 

(2) J. quasi-uniformly convergent sequence of continuous functions converges to 
a continuous function. 



*Cf. FrSchet, loc. cit., p. 10. 
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Suppose a sequence \(i nr } of continuous functions on dt to 21, which con- 
verges to i* r , i. e., 

n 

the convergence being supposed quasi-uniform. We wish to show that [i r is 
continuous, i. e., 

i i x 

Since the sequence converges at r , we have : 

e O- 3n er<j 3 n>n ero • D • | p nro — (i u \ < e. 
On account of the quasi-uniformity of convergence of our sequence we have: 
D • 3 ? M .. 3 r t • D • 3 n OT , n = n ei 3 n er „ < n ei <l en and 

l^» ei ,- t -^|<e (1) 



»er ' ~ er i n er ~ " CT er » = et = 6n er„ 



The continuity of the functions (i n . gives : 

e O • 3 i e 3i>i e • D • | p Vi — ^ | < e, (2) 

where i e is the maximum of the i e corresponding to the values of n between n ero 
and l en . Finally, since n el exceeds n ero , we have : 

I^W„— (*r \£e. (3) 

Adding the inequalities of (1), (2) and (3), we have: 

Ifr,— pj<3«, 

subject to the condition i>t e , the n being only a subsidiary. 

The following converse of this theorem holds also in this general situation : 
(3) 1/ the class di is extremal, and a sequence of continuous functions converges 

to a continuous function, then the convergence is quasi-uniform. 

If the sequence of functions in question be \u nr \ and the limit function p r , 

it is necessary to show : 

e • I O • 3 l el 3 r -D • 3 n erl 3 (l<n erl <l el . \u n&rf — (i r \<e). 

Choose e and I arbitrarily. Let n erl be the minimum of the numbers exceeding 
I, such that : 

We wish to show that n erl has a finite upper bound. If this is not the case we 
have : 

i>l . D • 3r ( J n^.^%. 
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Since the sequence \(i nr \ is convergent for every r, no r i can occur infinitely 
often, and we obtain from the extremality of 91 : 

3 i Ti i distinct . r 3 £ r — r . 

k k k 

Since now (i r is continuous, 

e • D • 3 k e 3 k > k e • D • \u r — u r \ < e. 

h 

On account of the continuity of (i nri 

e • D • 3 k en 3 k > k en . D • | /u w — p nr \ < e. 

l k 

Since further L[i nr = (i r , 

n 

e -D • 3 n er 3 n>n er O • |^ nr — (i r \ <e. 
Hence, 

3e O • 3 n er • 3 k en 3 n>n er • &>& e „ >Z) • |^„ r . — ^ r . |<3e. 



'A 'ft 



Let n be the greater of n er and Z. Then this last inequality will hold for 
k>k eno . On account of the convergency of the sequence we have : 

3e • D • 3 n ek 3 n >n ek • D • |p„ r . — ,u r | < 3e. 

'A: */fc 

There being only a finite number of k less than k ena , we shall have a finite num- 
ber of corresponding n ek . Of these and of n we choose the largest. This will 
serve as an upper bound for the n er . t . We have thus reached a contradiction in 

so far as we have demonstrated the existence of a finite bound for n. r , . Hence 

the theorem. 

Continuous Functions on Subclasses 91 of Systems (C ; K). 

21. Difference Continuity. In case we are operating in a system (Q; K), it 
is possible to define a type of continuity which is analogous to the difference 
continuity of a function on a real interval. The ^-relation serves to replace the 
absolute value of the difference. In order to distinguish this type from the 
continuity employed above, we call the former difference continuity, and the 
latter sequential continuity. We define : 

difference continuous at r — ,, . ^ . 3 m p/T .""5. I// // I < p 

We say that p is difference continuous on the class 91 if it is continuous at every 
element of 91. 
36 
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In order to make the theorems on sequentially continuous functions available 
here, we must establish some connection. This is contained in the theorem * 

JTl m 5» m on 9t to 2t • ^ • ..sequentially continuous on dt . ry-> . ..difference continuous on 0} 
f„\ ..sequentially continuous on 31 . —\ , ..difference continuous on Jft^ We wish then to 

show that : 

rf • e -D • 3 m„ t a K rum ^ '^ ' \Pr~ r*r |£«- 

Suppose this were not so. Then : 

3 r . 3 e a m • D • 3 r m a K r>n nm ' \Pr m — (*r \ >e - 
From § 7 (5) and K 1 , it follows that : 

Lr m =r . 

m 

Since now fi is sequentially continuous, we have : 

Ln rm = n u , i.e., e -D- 3m e 3m>m e O • | ^ — ^ \ < e. 

Since this will be holding for e also, we have reached a contradiction. 

(h\ |/d ifferenoe continuous on 9t m — ) , ..sequentially continuous on 9^ Since U is difference 

continuous on di, we have : 

r • e -D • 3 m e a K rr ^ O • | (i r — /i ro \ < e. 

Suppose \r n \ is any sequence having r as a limit, i. e. : 

m O • 3 n m 3 n >n m O • K rnT(tm . 

This will hold in particular when m = m e , and so we have : 

e O • 3 n e = n rtle 3 n>n e «D • | ^ — (i n | < e, 

which is the continuity as desired. 

22. Uniform Continuity. We note that relative to sequential continuity it 
does not seem possible to define a uniform continuity. However, in the case of 
difference continuity such a possibility exists. We define : 

^uniformly continuous on R — g . D . 3 m<> 3 K r%r ^ • D • | (l Tl — fr, \ < e, 

the uniformity feature entering in that the m e is independent of the r. If p is 
uniformly continuous it is also continuous. On the other hand we have : * 

^£-1367 . ^extremal . ^ . continuous on 3t . 3 . ^uniformly continuous on 9t_ 
*Cf. Frechet, loe. cit., p. 28. 
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If possible suppose that [z is not uniformly continuous. Then : 

3 e s m -D . 3 (r lm . r Zm ) 3 K lm r Zm m • l^- lm — f^J > «0- 

We thus obtain two sequences. There are four possibilities : (a) The sequences 

\r lm \ and {r Zm \ each contain only a finite number of distinct elements ; (b) The 
sequence \r lm \ contains only a finite number of distinct elements, while the 
sequence \r Zm \ contains an infinitude of distinct elements; (c) The sequence 

\r lm \ contains an infinitude of distinct elements, while the sequence \r Zm \ con- 
tains only a finite number of distinct elements ; and (d) Each sequence \r lm \ and 

\r Zm \ contain an infinitude of distinct elements. 

In case (a) there will be one pair of elements which will have like sub- 
scripts infinitely often. These are shown to be equal by K 13 and § 7 (5). We 
thus obtain a contradiction at once. 

In case (b), so far as it is not covered by (a), it will be possible to select 
from the sequence j r 2m j the sequence j r Zm j of distinct elements, and from the 
sequence jr lm j the set \r lm J consisting of one element repeated, i. e.: 

rim n = n (n). 
Then by our hypothesis : 

K i p /T 

From K m by § 5 (l) it follows that : 

Since this holds for every n and Z$«= oo , we have by § 7 (4) : 

m 

L r 2m„ = r l • 
n n 

But ft is continuous. Hence : 

e -D • Bn^sn^n^ -3 • | ^ — p Pfc ^ | < e or | p^ — [i r ^ \ < e , 

which is contrary to the definition of r lm and r 2m . Hence we do not have (b). 

We show similarly that case (c) can not occur. 

In case (d), in so far as it is not covered by the preceding, it will be possible 
to select the sequences \r lm \ and \r Zm J each of distinct elements, and on 
account of the extremality of 3i in such a way that 

n n 

Then m • 3 • 3«^w>< • D • K nTO . 
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Also by K 1 and the hypothesis on r lm and r 2m : 

to • D • 3 n'^ 3 n>n',l • D • K r , 
Then using K 6 we have : 



^lm n r 2m n m - 



n>n' m . »>«» -D- ^^V 
Hence, by K 1 and § 7 (4) : 

n " 

But on account of the continuity of ^ we shall have : 

e/2 O- 3« 6 3n>/z 6 O- 1^^— ^ r J <e/2 • j^^—^J < e /2, 

But this is contradictory to our hypothesis on ri m and r 2m if e = e . 

We have thus shown that none of the cases (a), (b), (c), (d) can occur ; that 
is, we have established the uniform continuity of (i. 

We could proceed to consider finally the theorem of Fr6chet, loc. cit., p. 31, 
as extended by Hahn,* and show that this is also holding in case K im , i. e., in 
case 5 0867 . With some care in the use of the proof given by Hahn, there is little 
difficulty in proving the existence of the non-constant continuous function in a 
(5 0367 , and deriving the theorem in question, i. e : 

If' 1367 # SYJ . "^ . ^continuous on 3i and bounded on S • 3 • ^f e xtremal 

* Monatshefte fur Mathematik und Phy&ik, XIX, 251 ff. We might remark in this connection that, on 
account of what seems to be an oversight, the limit L, defined by Hahn on p. 250 of this note in the construc- 
tion of a system (jQi L) on which every continuous function is constant, is not unique. The uniqueness is 
secured if the series of inequalities in 1. 8 : i t < i 2 < ....•< i n is replaced by k t < \ < . . . . < k n . 



